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� © �!(�K�50©§z�K10©) U�¦)�e��K.

(1) ¦d�§y = 1 + xey(½�Û¼êy = y(x)����ê.

) �ªy = 1 + xeyü>éx¦�§�y′ = ey + xeyy′, )�

y′ =
ey

1− xey
=

ey

2− y
.

þªü>éx¦�§�

y′′ =
eyy′ · (2− y)− ey · (−y′)

(2− y)2
=

e2y + e2y

2−y

(2− y)2
=

e2y(3− y)
(2− y)3

.

(2) �y =
x

4x2 − 1
, ¦y(n).

) dy =
x

4x2 − 1
�y =

1

4

(
1

2x+ 1
+

1

2x− 1

)
=

1

8

(
1

x+ 1
2

+
1

x− 1
2

)
, �k

y(n) =
1

8

[(
1

x+ 1
2

)(n)

+

(
1

x− 1
2

)(n)
]

=
1

8

 (−1)nn!(
1

x+ 1
2

)n+1 +
(−1)nn!(

1
x− 1

2

)n+1


= (−1)nn! · 2n−2 ·

[
1

(2x+ 1)n+1
+

1

(2x− 1)n+1

]
.
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(3) �a > 0, ¼êf(x)3:a?��§f(a) > 0, ¦4� lim
n→∞

[
f(a+ 1

n)
f(a)

] 1

ln(a+ 1
n)−ln a

.

) k¦¼ê4�lim
x→a

[
f(x)

f(a)

] 1
ln x−ln a

. Ï�

lim
x→a

ln
[
f(x)
f(a)

]
lnx− ln a

= lim
x→a

ln f(x)−ln f(a)
x−a

lnx−ln a
x−a

=
[ln f(x)]′

∣∣
x=a

[lnx]′
∣∣
x=a

=

f ′(a)
f(a)

1
a

=
af ′(a)

f(a)
,

¤±

lim
x→a

[
f(x)

f(a)

] 1
ln x−ln a

= e
af ′(a)
f(a) .

2-xn = a+
1

n
, n = 1, 2, · · · , d°r½n�

lim
n→∞

[
f
(
a+ 1

n

)
f(a)

] 1

ln(a+ 1
n)−ln a

= lim
n→∞

[
f(xn)

f(a)

] 1
ln xn−ln a

= lim
x→a

[
f(x)

f(a)

] 1
ln x−ln a

= e
af ′(a)
f(a) .

(4) ¦¼êf(x) = esinx + ecosx����.

) Ï�f(x) = esinx + ecosx´±Ï�2π�±Ï¼ê§¤±f(x)3[0, 2π]þ����Ò´f(x)����. 5¿

�esinx + ecosx 6 e| sinx| + e| cosx|, ��f(x)3
[
0,
π

2

]
þ����Ò´f(x)3[0, 2π]þ����. éf(x)¦�§

�f ′(x) = esinx · cosx+ ecosx · (− sinx). �x ∈
(
0,
π

2

)
�§Òk

f ′(x) = sinx cosx ·
(
esinx

sinx
− ecosx

cosx

)
.

-g(x) =
ex

x
,K�x ∈ (0, 1)�§g′(x) =

xex − ex

x2
< 0. u´g(x)3(0, 1)¥î�4~. Ïd§3

(
0,
π

4

)
¥f ′(x) =

sinx cosx · [g(sinx) − g(cosx)] > 0, 3
(π
4
,
π

2

)
¥f ′(x) < 0, l
f(x)3

[
0,
π

4

]
þî�4O§3

[π
4
,
π

2

]
þî�

4~. dd��f(x)3
π

4
?�����f

(π
4

)
= 2e

√
2

2 .
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(5) ¦4�lim
x→0

tan(tanx)− sin(sinx)

tanx− sinx
.

) �x → 0�§ktanx− sinx = tanx · (1− cosx) ∼ x · x
2

2
=
x3

2
, tan(tanx)− sin(tanx) ∼ tan3 x

2
∼ x3

2
,

sin(tanx)− sin(sinx) = 2 cos
tanx+ sinx

2
sin

tanx− sinx

2
∼ 2 · 1 · tanx− sinx

2
∼ x3

2
. Ïd§

lim
x→0

tan(tanx)− sin(sinx)

tanx− sinx
= lim

x→0

tan(tanx)− sin(tanx)

tanx− sinx
+ lim

x→0

sin(tanx)− sin(sinx)

tanx− sinx

= lim
x→0

x3

2
x3

2

+ lim
x→0

x3

2
x3

2

= 1 + 1 = 2.

,) Pf(x) = tan x, Kf ′(x) = sec2 x, f ′′(x) = 2 sec2 x tanx, f ′′′(x) = 4 sec2 x tan2 x+ 2 sec4 x, l
f(0) =

f ′′(0) = 0, f ′(0) = 1, f ′′′(0) = 2. Ïd§tanx = x+
1

3
x3+o(x3) (x→ 0). ?
�tan(tanx) = tan x+

1

3
tan3 x+

o(tan3 x) = x+
1

3
x3 +

1

3

(
x+

x3

3

)3

+ o(x3) = x+
2

3
x3 + o(x3) (x→ 0). aq/§dsinx = x− 1

6
x3 + o(x3)

(x → 0)�sin(sinx) = sinx − 1

6
sin3 x + o(sin3 x) = x − 1

6
x3 − 1

6

(
x− 1

6
x3
)3

+ o(x3) = x − 1

3
x3 + o(x3)

(x→ 0). u´

lim
x→0

tan(tanx)− sin(sinx)

tanx− sinx
= lim

x→0

x3 + o(x3)
1
2
x3 + o(x3)

= 2.

� © �!(10©) �¼êf(x)3(a, b)¥��§ lim
x→a+

f(x) = +∞. y²µ�3ê�{xn} ⊆ (a, b), ¦

� lim
n→∞

xn = a� lim
n→∞

f ′(xn) = −∞.

y �bn = a+
b− a
n+ 1

∈ (a, b), n = 1, 2, · · · , K lim
n→∞

bn = a. Ï� lim
x→a+

f(x) = +∞, ¤±�3δn ∈
(
0,
b− a
n+ 1

)
,

¦��a < x 6 a + δn �§kf(x) > f(bn) + 1. -an = a + δn, n = 1, 2, · · · , Kd.�KF¥�½n��

3xn ∈ (an, bn), ¦�f
′(xn) =

f(bn)− f(an)
bn − an

. da < xn < bn, �âü>Y½n� lim
n→∞

xn = a. Ï�

f ′(xn) =
f(bn)− f(an)

bn − an
<
−1
b−a
n+1

= −n+ 1

b− a
,

¤± lim
n→∞

f ′(xn) = −∞.
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� © n!(10©) �¼êf(x)3«mIþëY§é?¿x0 ∈ (inf I, sup I)Ú?¿δ > 0, �3x ∈ (x0, x0 +

δ) ∩ I, ¦�f(x) > f(x0). y²µ¼êf(x)3«mIþüN4O.

y ky²¼êf(x)3«m(inf I, sup I)þüN4O.?�(inf I, sup I)�x1 < x2,-S = {x ∈ [x1, x2]|f(x1) 6
f(x)}, Kx2´S���þ.. dx1 ∈ S�S��§�d(.�n�Skþ(.§Pc = supS, Kc ∈ [x1, x2]�
kê�{tn} ⊆ S¦� lim

n→∞
tn = c. ec < x2, Kdf(x1) 6 f(tn)�f(x1) 6 lim

n→∞
f(tn) = f(c). dK���

3d ∈ (c, x2)¦�f(c) 6 f(d), l
f(x1) 6 f(d), �d ∈ S, �c´S�þ(.gñ�Ïdc = x2, dþ¡�y
²L§��f(x1) 6 f(c) = f(x2). U½Â�¼êf(x)3«m(inf I, sup I)þüN4O.

2y²¼êf(x)3«mIþüN4O. e«mIvkà:§KI = (inf I, sup I), dþ¡�y²=�¼êf(x)3
«mIþüN4O. e«mIkà:§Ø��a´«mI��à:£«mIkmà:��/�aq/y²¤§
duþ¡®²y²
¼êf(x)3«m(inf I, sup I)þüN4O§�I2�yf(a) 6 f(x), ∀x ∈ I \ {a}. é?
¿x ∈ I, x > aÚ?¿t ∈ (a, x), kf(t) 6 f(x), u´f(a) = lim

t→a+
f(t) 6 f(x). ùÒ�¤
y².

� © o!(10©) �f(x)´(−∞,+∞)þ�¼ê§~êα > 1, é?¿¢êxÚy, Ñk

|f(x+ y)− f(x− y)− (x+ 1)y| 6 |y|α,

¦¤k÷vþã�¦�¼êf(x).

) -u = x+ y, v = x− y, Kd|f(x+ y)− f(x− y)− (x+ 1)y| 6 |y|α�∣∣∣∣f(u)− f(v)− (u+ v

2
+ 1

)
· u− v

2

∣∣∣∣ 6 |u− v|α2α
, ∀u, v ∈ R,

-g(x) = f(x)− 1

4
x2 − 1

2
x, KþªÒz�

|g(u)− g(v)| 6 |u− v|
α

2α
, ∀u, v ∈ R.

u´

0 6

∣∣∣∣g(u)− g(v)u− v

∣∣∣∣ 6 |u− v|α−12α
, ∀u, v ∈ R, u 6= v.

-u→ v, �âü>Y½n�lim
u→v

∣∣∣∣g(u)− g(v)u− v

∣∣∣∣ = 0, l
lim
u→v

g(u)− g(v)
u− v

= 0, =g′(v) = 0. Ïdg′(x) ≡ 0, d

.�KF¥�½n�íØ�g(x) ≡ C, Ù¥C´?¿~ê. �f(x) =
1

4
x2 +

1

2
x+ C, Ù¥C´?¿~ê.

1 4 � � 6 �



êÆ�ÆÆ�Ë(�2018 — 2019Æc1�ÆÏ/êÆ©Û3-10Ï"�ÁÁò(Aò)

ú v «
� © Ê!(�K�15©§11¯10©§12¯5©) �¼êf(x)3[−1, 1]þëY§3(−1, 1)¥üg�

�§f(0) = 0.

(1) y²µ�§f ′(x) +
2x

x2 − 1
f(x) = 03(−1, 1)¥��kü�ØÓ�¢�¶

(2) y²µ�3ξ ∈ (−1, 1), ¦�f ′′(ξ) = 6ξ2 + 2

(ξ2 − 1)2
f(ξ).

y (1) -g(x) = (x2 − 1)f(x), Kg(x)3[−1, 1]þëY§3(−1, 1)¥��. Ï�g(−1) = g(0) = g(1) = 0, ¤
±dÛ�½n��3ξ1 ∈ (−1, 0), ξ2 ∈ (0, 1), ¦�g′(ξ1) = g′(ξ2) = 0. q

g′(x) = 2xf(x) + (x2 − 1)f ′(x) = (x2 − 1)

[
f ′(x) +

2x

x2 − 1
f(x)

]
, ∀x ∈ (−, 1),

�ξ1Úξ2Ñ´�§f
′(x) +

2x

x2 − 1
f(x) = 0��. Ïd§�§f ′(x) +

2x

x2 − 1
f(x) = 03(−1, 1)¥��kü�Ø

Ó�¢�.

(2) -h(x) =
g(x)

x2 − 1
=

1

x2 − 1
f ′(x) +

2x

(x2 − 1)2
f(x), x ∈ (−1, 1), Kh(x)3(−1, 1)¥��. d(1)�h(ξ1) =

h(ξ2) = 0, ��âÛ�½n��3ξ ∈ (ξ1, ξ2) ⊆ (−1, 1), ¦�h′(ξ) = 0. �x ∈ (−1, 1)�§k

h′(x) =
1

x2 − 1
f ′′(x)− 2x

(x2 − 1)2
f ′(x) +

2x

(x2 − 1)2
f ′(x) +

2(x2 − 1)2 − 2x · 2(x2 − 1) · 2x
(x2 − 1)4

f(x)

=
1

x2 − 1
f ′′(x)− 6x2 + 2

(x2 − 1)3
f(x)

=
1

x2 − 1
·
[
f ′′(x)− 6x2 + 2

(x2 − 1)2
f(x)

]
,

�f ′′(ξ) =
6ξ2 + 2

(ξ2 − 1)2
f(ξ).
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� © 8!(5©) �¼êf(x)3[a, b]þëY��§3(a, b)¥üg��§f(a) = f(b) = 0, é?¿x ∈

(a, b), kf(x) + f ′′(x) > 0, ��3x0 ∈ (a, b), ¦�f(x0) > 0. y²µb− a > π.

y �y. eØ,§Kb − a < π. Ø��a = 0 (a 6= 0�^f(x + a)�Of(x)?1?Ø)§u´b ∈ (0, π).
-g(x) = f ′(x) sinx− f(x) cosx, Kg(x)3[0, b]þëY§3(0, b)¥��. Ï�

g′(x) = [f(x) + f ′′(x)] sinx > 0, ∀x ∈ (0, b),

¤±g(x)3[0, b]þ4O. qg(0) = 0, �g(x)3[0, b]þ�K. -h(x) =
f(x)

sinx
, x ∈ (0, b], Kh(x)3(0, b]þ��.

Ï�

h′(x) =
f ′(x) sinx− f(x) cosx

sin2 x
=

g(x)

sin2 x
> 0, ∀x ∈ (0, b],

¤±h(x)3(0, b]þ4O. qh(b) = 0, �h(x)3(0, b]þ��. Ïdf(x) 6 0, ∀x ∈ (0, b), �f(x0) > 0gñ�
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