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� � n o Ê 8

� © �!(15©) �{xn}´��ê�. ^��5½ny²µXJéu?Ûε > 0, Ñ�3��êN ,
�m > N , n > N�, Òk|xm − xn| < ε, Kê�{xn}Âñ.

y Äky²{xn}´��k.ê�. �K¿, �ε = 1, K�3��êN0, ¦�m,n > N0�, ¤á

|xn − xm| < 1.

AÏ/, �m = N0 + 1, K|xn − xN0+1| < 1, u´k

|xn| < |xN0+1|+ 1,∀n > N0.

ùL²{xn}k.. d��5½n, {xn}kÂñf�{xnk
}. � lim

k→∞
xnk

= a, ±ey² lim
n→∞

xn = a.

é?¿ε > 0, �3��êK, �k > K �, ¤á

|xnk
− a| < ε.

�K¿, éu±þε > 0, �3��êN , �m,n > N�, ¤á

|xn − xm| < ε.

Pk0 = max{K + 1, N + 1}, Kk0 > K
nk0 > k0 > N . Ï
, �n > N�, ¤á

|xn − a| 6 |xn − xnk0
|+ |xnk0

− a| < ε+ ε = 2ε.

Ïd lim
n→∞

xn = a. �
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(1) ¦4�lim
x→0

(
1

sin2(sinx)
− 1

x2

)
;

(2) ¦Ø½È©

∫
x cos(lnx)dx.

) (1) 5¿�sin(sinx) ∼ x (x→ 0), Òk

lim
x→0

(
1

sin2(sinx)
− 1

x2

)
= lim

x→0

x2 − sin2(sinx)

x2 sin2(sinx)
= lim

x→0

x2 − sin2(sinx)

x4

= lim
x→0

x+ sin(sinx)

x
· lim
x→0

x− sin(sinx)

x3
= 2 lim

x→0

x− sin(sinx)

x3
.

dâ7�{K§k

lim
x→0

x− sin(sinx)

x3
= lim

x→0

1− cos(sinx) cosx

3x2
= lim

x→0

sin(sinx) cos2 x+ cos(sinx) sinx

6x

=
1

6
lim
x→0

[
sin(sinx)

x
cos2 x+

sinx

x
cos(sinx)

]
=

1

6
(1 · 12 + 1 · 1) = 1

3
.

Ïd§k

lim
x→0

(
1

sin2(sinx)
− 1

x2

)
= 2 lim

x→0

x− sin(sinx)

x3
=

2

3
.

(2) -x = et§Kdx = etdt. u´k∫
x cos(lnx)dx =

∫
et cos t · etdt =

∫
e2t cos tdt.

PI =

∫
e2t cos tdt, d©ÜÈ©{§k

I =

∫
e2td(sin t) = e2t sin t−

∫
sin t · 2e2tdt = e2t sin t− 2

∫
e2td(− cos t)

= e2t sin t− 2

(
−e2t cos t−

∫
(− cos t) · 2e2tdt

)
= e2t(sin t+ 2 cos t)− 4I.

£�¿�n§��

I =
e2t

5
(sin t+ 2 cos t) + C.

òt = lnx�\§� ∫
x cos(lnx)dx = I =

x2

5
[sin(lnx) + 2 cos(lnx)] + C. �
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� © n!(15©) �¼êf(x)3[a, b]ëY��§3(a, b)üg��§f(a) = f(b), f ′(a) = f ′(b) = 0. y

²µ�3ξ1, ξ2 ∈ (a, b), ξ1 6= ξ2, ¦�f
′′(ξ1) = f ′′(ξ2).

y 3[a, b]þéf(x)A^Û�½n§��3ξ ∈ (a, b), ¦�f ′(ξ) = 0. 3[a, ξ]þéf ′(x)A^Û�½n§�
�3ξ1 ∈ (a, ξ), ¦�f ′′(ξ1) = 0. 3[ξ, b]þéf ′(x)A^Û�½n§��3ξ2 ∈ (ξ, b), ¦�f ′′(ξ2) = 0. Ï
d§ξ1 6= ξ2, ¦�f

′′(ξ1) = f ′′(ξ2). �

,y d�Vúª§�3ξ1 ∈
(
a,
a+ b

2

)
, ξ2 ∈

(
a+ b

2
, b

)
, ¦�

f

(
a+ b

2

)
= f(a) + f ′(a) · b− a

2
+
f ′′(ξ1)

2

(
b− a
2

)2

= f(a) +
f ′′(ξ1)

2

(
b− a
2

)2

,

f

(
a+ b

2

)
= f(b) + f ′(b) · a− b

2
+
f ′′(ξ2)

2

(
a− b
2

)2

= f(b) +
f ′′(ξ2)

2

(
b− a
2

)2

.

cª~��ª§�
f ′′(ξ1)− f ′′(ξ2)

2

(
b− a
2

)2

= 0.

¤±§ξ1 6= ξ2, ¦�f
′′(ξ1) = f ′′(ξ2). �
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� © o!(15©) �¼êf(x)3[1,+∞)þ����êf ′(x)3[1,+∞)þk.. y²µ

f(x)

x
3[1,+∞)þ

��ëY.

y df ′(x)3[1,+∞)þk.�§�3M > 0, ¦�é?Ûx ∈ [1,+∞), Ñk|f ′(x)| 6M . é?¿x > 1, d.
�KF¥�½n�§�3ξ ∈ (1, x), ¦�f(x)− f(1) = f ′(ξ)(x− 1). u´é?¿x > 1, k

|f(x)|
x

=
|f ′(ξ)(x− 1) + f(1)|

x
6
|f ′(ξ)|(x− 1)

x
+
|f(1)|
x
6M + |f(1)|.

�x = 1�§
|f(x)|
x
6M + |f(1)|�¤á. Pg(x) =

f(x)

x
, Òk

|g′(x)| =
∣∣∣∣xf ′(x)− f(x)x2

∣∣∣∣ 6 |f ′(x)|x
+
|f(x)|
x2

6 |f ′(x)|+ |f(x)|
x
6M + (M + |f(1)|) = 2M + |f(1)|.

Ïd§g′(x)3[1,+∞)þk.. �á3~K¥�Ñ
·Kµ/e¼êf(x)3«mI����êf ′(x)3«mIk

., Kf(x)3«mI��ëY0§¤±§g(x) =
f(x)

x
3[1,+∞)þ��ëY. �
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Ê!(15©) (1) y²µé?¿��ên, 'ux��§
n+1∑
k=1

xk = 13(0, 1)¥k��k���xn;

(2) y²ê�{xn} Âñ¿¦ lim
n→∞

xn.

(1) y -fn(x) =
n+1∑
k=1

xk − 1, Kfn(x)3[0, 1]ëY, n = 1, 2, · · · . Ï�fn(0) = −1 < 0, fn(1) = n > 1 > 0, ¤

±d���3½n�§�§fn(x) = 03(0, 1)Sk�. qf ′n(x) =
n+1∑
k=1

kxk−1 > 0,∀x ∈ (0, 1), �fn(x)3[0, 1]î

�4O. ¤±§�§fn(x) = 03(0, 1)S�k���xn, =�§
n+1∑
k=1

xk = 13(0, 1)¥k��k���xn.

(2) ) d
0 = fn(xn) = fn−1(xn−1) < fn(xn−1)

�fn(x)î�4O�, ê�{xn}ü~. qê�{xn}ke.0, l
düNÂñ½n�ê�{xn}Âñ. PA =
lim
n→∞

xn, d

0 6 xn+2
n 6 xn+2

1 =

(√
5− 1

2

)n+2

9ü>Y½n§k lim
n→∞

xn+2
n = 0. d

0 = fn(xn) =
xn − xn+2

n

1− xn
− 1,

ü>-n→∞�4�, �0 =
A− 0

1− A
− 1, )�A =

1

2
. ¤± lim

n→∞
xn =

1

2
. �

1 5 � � 6 �



ên�Æ��êâ��)2020 — 2021Æc1�ÆÏ/êÆ©ÛI0Ï"�ÁÁò(Aò) ë�)�

ú v «
� © 8!(10©) �¼êf(x)´l(a, b)�(a, b)�N�§f(x)3(a, b)ëY��§ξ ∈ (a, b)÷vf(ξ) =

ξ�|f ′(ξ)| < 1. y²µ�3x1 ∈ (a, b), x1 6= ξ, ¦�d4í'Xxn+1 = f(xn) (n ∈ N∗)½Â�ê
�{xn}Âñuξ.

y Pλ =
|f ′(ξ)|+ 1

2
∈ (0, 1). Ï�¼êf(x)3(a, b)ëY��§ξ ∈ (a, b)÷v|f ′(ξ)| < 1, ¤±�3δ > 0, ¦

�[ξ − δ, ξ + δ] ⊆ (a, b), ��x ∈ [ξ − δ, ξ + δ]�§k|f ′(x)| 6 λ.

é?¿x, y ∈ [ξ − δ, ξ + δ], x 6= y, d.�KF¥�½n�§�3η0uxÚy�m§¦�f(x) − f(y) =
f ′(η)(x− y). u´k

|f(x)− f(y)| = |f ′(η)||x− y| 6 λ|x− y|.

´�þªéx = y�¤á.

é?¿x ∈ [ξ − δ, ξ + δ], x 6= ξ, dþ¡�?ØÚf(ξ) = ξ, �

|f(x)− ξ| = |f(x)− f(ξ)| 6 λ|x− ξ| 6 λδ < δ.

¤±§é?¿x ∈ [ξ − δ, ξ + δ], kf(x) ∈ (ξ − δ, ξ + δ).

?¿�½x1 ∈ [ξ − δ, ξ + δ]�x1 6= ξ, Kdþ¡�?Ø§�âêÆ8B{�é?¿��ên, Ñkxn+1 =
f(xn) ∈ (ξ − δ, ξ + δ). Ïd§é?Û�u1���ên, k

|xn − ξ| = |f(xn−1)− f(ξ)| 6 λ|xn−1 − ξ|,

dd��
0 6 |xn − ξ| 6 λ|xn−1 − ξ| 6 λ2|xn−2 − ξ| 6 · · · 6 λn−1|x1 − ξ|.

Ï�λ ∈ (0, 1), ¤±dþªÚü>Y½n� lim
n→∞

|xn − ξ| = 0. dd=�ê�{xn}Âñuξ. �
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