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(1) �Ñ lim
x→x+0

f(x)�3�ε− δ½Â¶

(2) éu4� lim
x→x+0

f(x), �Ñ�ÜÂñ�n¶

(3) �~êL > 0, f(x)´(a, b)þ�¼ê§÷v|f(x)− f(y)| 6 L|x− y|, ∀x, y ∈ (a, b), y²µ lim
x→a+

f(x)�3.

(1) �. lim
x→x+0

f(x)�3�ε − δ½ÂXeµ�3a ∈ R, é?¿�½�ε > 0, �3δ > 0, ¦��x ∈ (x0, x0 +

δ)�§k|f(x)− a| < ε.

(2) �. 4� lim
x→x+0

f(x)��ÜÂñ�nXeµ lim
x→x+0

f(x)�3�¿©7�^�´é?¿�½�ε > 0, �

3δ > 0, ¦��x, y ∈ (x0, x0 + δ)�§k|f(x)− f(y)| < ε.

(3) y. é?¿�½�ε > 0, �δ = min
{ ε
L
, b− a

}
> 0, K�x, y ∈ (a, a+ δ)�§k

|f(x)− f(y)| 6 L|x− y| < Lδ 6 ε.

d�ÜÂñ�n� lim
x→a+

f(x)�3.
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(1) �a ∈ R, ®� lim
x→+∞

(
x+ a

x− a

)x+a sinx
= 4, ¦a��.

). Ï� lim
x→+∞

x+ a sinx

x
= 1 + a lim

x→+∞

sinx

x
= 1 + a · 0 = 1, ¤±

lim
x→+∞

(x+ a sinx) ln

(
x+ a

x− a

)
= lim

x→+∞
x ln

(
1 +

2a

x− a

)
= lim

x→+∞
x · 2a

x− a
= 2a.

u´

lim
x→+∞

(
x+ a

x− a

)x+a sinx
= e

lim
x→+∞

(x+a sinx) ln( x+ax−a) = e2a.

de2a = 4�2a = ln 4, )�a = ln 2.

(2) �0 < α < 1, xn =
n∑
k=1

1

n+ kα
, n = 1, 2, · · · , ¦4� lim

n→∞
xn.

). Ï�
1

1 + nα−1
= n · 1

n+ nα
6 xn 6 n · 1

n
= 1,

�d0 < α < 1� lim
n→∞

1

1 + nα−1
=

1

1 + 0
= 1, ¤±dü>Y½n� lim

n→∞
xn = 1.

1 2 � � 6 �



êÆ�ÆÆ�Ë(�2018 — 2019Æc1�ÆÏ/êÆ©Û0Ï¥�ÁÁò

ú v «
� © n!(�16©§z¯8©) �~êa > 0, N�f : R→ R÷v¼ê�§f(f(x)) = x+ a, y²µ

(1) f´V�¶
(2) fØ´üN4~¼ê.

y. (1) �y. eØ,§KfØ´ü�½fØ´÷�. efØ´ü�§K�3¢êx1 6= x2, ¦�f(x1) = f(x2),
l
x1 + a = f(f(x1)) = f(f(x2)) = x2 + a, �x1 6= x2gñ¶efØ´÷�§K�3¢êy0, ¦�y0Øá
uf���§ù�f(f(y0 − a)) = y0gñ�

(2) �y. eØ,§Kf´üN4~¼ê. u´f(x + a) = f(f(f(x))) = f(x) + a > f(x), ù�füN4~g
ñ�

� © o!(12©) �x1 = 1, xn+1 =
(n+ 2)(xn + 1)

2(n+ 1)
, n = 1, 2, · · · . y²ê�{xn}Âñ¿¦ lim

n→∞
xn.

y. w,{xn}´�êê�. é?¿��ên, k

xn+2 − xn+1

=
(n+ 3)(xn+1 + 1)

2(n+ 2)
− (n+ 2)(xn + 1)

2(n+ 1)

=
(n+ 1)(n+ 3)(xn+1 + 1)− (n+ 2)2(xn + 1)

2(n+ 1)(n+ 2)

=
(n+ 2)2(xn+1 − xn)− xn+1 − 1

2(n+ 1)(n+ 2)
.

Ïd§xn+1 − xn 6 0%ºxn+2 < xn+1. 5¿�x3 = x4 =
5

3
, Ò��xn+1 < xn, n = 4, 5, · · · . u´�âüN

Âñ½n�ê�{xn}Âñ.

� lim
n→∞

xn = A, 3xn+1 =
(n+ 2)(xn + 1)

2(n+ 1)
ü>-n→∞�4�§�A =

A+ 1

2
, )�A = 1.
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� © Ê!(10©) �f(x) = D(x) sinx+R(x), ¦¼êf(x)�mä:¿�Ñmä:�a.§Ù¥D(x)´

)|�X¼ê§R(x)´iù¼ê.

). é?¿¢êx0, Ñk lim
x→x0

R(x) = 0. �x0 = nπ (n ∈ Z)�§ lim
x→x0

D(x) sinx = 0, l
 lim
x→x0

f(x) = 0.

qf(0) = 1, f(nπ) = 0 (n ∈ Z \ {0}), �f(x)3nπ (n ∈ Z \ {0})?ëY§30:?mä§0:´f(x)���m
ä:.

�x0 6= nπ (n ∈ Z)�§���knê�{yn}ªux0, yn > x0, n = 1, 2, · · · , K lim
n→∞

D(yn) sin yn =

sinx0 6= 0, ���Ãnê�{zn}ªux0, zn > x0, n = 1, 2, · · · , K lim
n→∞

D(zn) sin zn = 0. �d°r½n

� lim
x→x+0

D(x) sinxØ�3§u´ lim
x→x+0

f(x)Ø�3. Ïd§�x0 6= nπ (nZ)�§x0´f(x)�1�amä:.

� © 8!(10©) �f : [a, b] → [a, b]´��4O�ëY¼ê§f(a) = a, -S =
{
x ∈ [a, b]

∣∣x 6 f(x)
}
,

y²µf(S) = S.

y. ?�y ∈ f(S), K�3x ∈ S, ¦�y = f(x). dx ∈ S�x 6 f(x), l
df4O�f(x) 6 f(f(x)),
=y 6 f(y). Ïdy ∈ S. ùÒy²
f(S) ⊆ S.

?�x ∈ S, Kx 6 f(x). ex = f(x), Kx ∈ f(S). ex < f(x), Kf(a) = a < x < f(x), d0�½n
��3ξ ∈ (a, x), ¦�f(ξ) = x. u´f(ξ) = x < f(x) = f(f(ξ)), df4O�ξ < f(ξ). Ïdξ ∈ S, l

x = f(ξ) ∈ f(S). ùÒy²
S ⊆ f(S).

Üå5§Ò��
f(S) = S.
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� © Ô!(8©) �α, β ∈ R, α > max{0, 2− β}, xn =

n∑
k=1

1

nα + kβ
, n = 1, 2, · · · , y²µ lim

n→∞
xn = 0.

y. dα > max{0, 2− β}�α > 0�α + β > 2. dþ�Ø�ª�

0 < xn 6
n∑
k=1

1

2n
α
2 k

β
2

=

n∑
k=1

k−
β
2

2n
α
2

. (∗)

Ï��p 6= 0�§k(1 + x)p − 1 ∼ px (x→ 0), ¤±

(n+ 1)
α
2 − n

α
2 = n

α
2 ·

[(
1 +

1

n

)α
2

− 1

]
∼ n

α
2 · α

2n
=

α

2n1−α
2

(n→∞).

u´d�![½n�

lim
n→∞

n∑
k=1

k−
β
2

2n
α
2

= lim
n→∞

(n+ 1)−
β
2

2
[
(n+ 1)

α
2 − nα

2

] = lim
n→∞

n−
β
2

α

n1−α2

= lim
n→∞

n1−α+β
2

α
= 0.

Ïd§d(∗)ª�âü>Y½n� lim
n→∞

xn = 0.

5. �±y²µ lim
n→∞

xn = 0�¿©7�^�´α > 0�max{α, β} > 1.
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� © l!(8©) �a1 ∈ (−1, 2), an+1 = a2n − an, n = 1, 2, · · · , y²µ lim

n→∞
an = 0.

y. �an = 1�§an+1 = 0; �an = 0�§an+1 = an+2 = · · · = 0. Ïd§eê�{an}�,���u1½0,
K lim

n→∞
an = 0. e¡b�ê�{an}�z��ÑØ�u0½1.

ea1 ∈ (−1, 0), Ka2 ∈ (0, 2), �Ø��a1 > 0. e¡y²�3��ên0, ¦�an0 ∈ (0, 1). �y. eØ,§
Kan ∈ (1, 2), n = 1, 2, · · · . ù�§an+1 = an(an − 1) < an, n = 1, 2, · · · , düNÂñ½n�{an}Âñ.
� lim

n→∞
an = A, KA ∈ [1, 2). 3an+1 = a2n − anü>-n → ∞�4�§�A = A2 − A, )�A = 0½A = 2,

�A ∈ [1, 2)gñ�

dan0 ∈ (0, 1)�Ø��a1 ∈ (0, 1). u´a2 ∈
[
−1

4
, 0

)
, ?
a3 ∈ (0, 1). ^êÆ8B{ØJy²a2k−1 ∈ (0, 1),

a2k ∈
[
−1

4
, 0

)
, k = 1, 2, · · · . 5¿�0 <

an+2

an
= 1 − 2a2n + a3n < 1, Ò��ê�{a2k−1}î�4~§ê

�{a2k}î�4O. düNÂñ½n�ê�{a2k−1}Ú{a2k}ÑÂñ. � lim
k→∞

a2k−1 = B, lim
k→∞

a2k = C, KB > 0,

C 6 0. 3a2k+1 = a22k− a2kü>-n→∞�4�§�B = C2−C; 3a2k = a22k−1− a2k−1 ü>-n→∞�4
�§�C = B2−B. u´B2 = B +C = C2, (ÜB > 0, C 6 0�B = −C, l
B2 = 0 = C2, =B = C = 0.
Ïd§ lim

n→∞
an = 0.
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