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� © �!(50©§z�K10©) U�¦)�e��K.

(1) ¦4� lim
n→∞

n∑
k=1

1

k
tan

(
kπ

4n+ 4

)
((J^½È©L«);

). -f(x) =


tanx

x
, x ∈

(
0,
π

4

]
,

0, x = 0,
Kf(x)3

(
0,
π

4

]
þëY§3

[
0,
π

4

]
þk.. u´f(x)3

[
0,
π

4

]
þ�È§

diùÈ©�½Â�

lim
n→∞

n∑
k=1

1

k
tan

(
kπ

4n+ 4

)
= lim

n→∞

n∑
k=0

f

(
kπ

4n+ 4

)
· π

4n+ 4
=

∫ π
4

0

f(x)dx =

∫ π
4

0

tanx

x
dx.

(2) O�È©

∫ π
4

0

tanx · sec2 x
cos2 x+ 3

dx;

). -t = tanx��§� ∫ π
4

0

tanx · sec2 x
cos2 x+ 3

dx =

∫ 1

0

t
1

t2+1
+ 3

dt =
1

3

∫ 1

0

3t3 + 4t− t
3t2 + 4

dt

=
1

6
t2
∣∣∣∣1
0

− 1

18
ln(3t2 + 4)

∣∣∣∣1
0

=
1

6
− 1

18
ln 7 +

1

18
ln 4

=
1

6
− 1

18
ln 7 +

1

9
ln 2.

5. ��±^t = secx½t = cosx��.
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(3) ¦4�I­�r =

√
1− t2, θ = arcsin t+

√
1− t2, −1 6 t 6 1¤�«��¡È;

). dθ′(t) =
1√

1− t2
+

−t√
1− t2

=
1− t√
1− t2

> 0��θ(t)3[−1, 1]þ4O. u´¤¦¡È�

A =
1

2

∫ 1

−1
r2(t)θ′(t)dt =

1

2

∫ 1

−1
(1− t)

√
1− t2dt =

∫ 1

0

√
1− t2dt = π

4
.

þ¡�ê12��Ò´|^Ûó5§�����Ò´|^o©��ü ��¡È.

(4) ¦Ø½È©

∫
[sin(lnx) + 3 cos(lnx)] dx;

). -x = et��§�∫
[sin(lnx) + 3 cos(lnx)] dx =

∫
(sin t+ 3 cos t)etdt = et sin t−

∫
et cos tdt+ 3

∫
et cos tdt

= et sin t+ 2

∫
et cos tdt.

PI =

∫
et cos tdt, K

I = et cos t+

∫
et sin tdt = et cos t+ et sin t−

∫
et cos tdt = et cos t+ et sin t− I.

�

I =
1

2
et(sin t+ cos t) + C,

u´ ∫
[sin(lnx) + 3 cos(lnx)] dx = et sin t+ et(sin t+ cos t) + C = 2x sin(lnx) + x cos(lnx) + C.
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(5) �[x]´��¼ê, P{x} = x− [x], O�È©

∫ π
2

−π
2

{
x2019

}
cosxdx.

). PI =

∫ π
2

−π
2

{
x2019

}
cosxdx, -x = −t��§�I =

∫ π
2

−π
2

{
−t2019

}
cos tdt =

∫ π
2

−π
2

{
−x2019

}
cosxdx. u´

I =
1

2

∫ π
2

−π
2

({
x2019

}
+
{
−x2019

})
cosxdx =

∫ π
2

0

({
x2019

}
+
{
−x2019

})
cosxdx.

�a = x2019Ø´�ê�§k{−a} = 1 − {a}. 5¿�
[
0,
π

2

]
¥�kk�õ�x¦�x2019´�ê§Ò�

�{x2019}+ {−x2019}3
[
0,
π

2

]
þØk�õ�:�	ð�1. Ïd§

I =

∫ π
2

0

cosxdx = 1.

� © �!(12©) �f(x)Úg(x)Ñ´[a, b]þ�ëY¼ê. y²µ�3ξ ∈ (a, b), ¦�

f(ξ)

∫ b

ξ

g(x)dx = g(ξ)

∫ ξ

a

f(x)dx.

y. -F (x) =

∫ x

a

f(t)dt, G(x) =

∫ b

x

g(t)dt, KF (a) = G(b) = 0. d�È©Ä�½n�§é?¿x ∈ [a, b],

kF ′(x) = f(x), G′(x) = −g(x). -ϕ(x) = F (x)G(x), Kϕ(x)3[a, b]��§

ϕ′(x) = F ′(x)G(x) + F (x)G′(x) = f(x)G(x)− F (x)g(x).

dϕ(a) = ϕ(b) = 0, �âÛ�½n��3ξ ∈ (a, b), ¦�ϕ′(ξ) = 0, =f(ξ)G(ξ)− F (ξ)g(ξ) = 0, �n=�

f(ξ)

∫ b

ξ

g(x)dx = g(ξ)

∫ ξ

a

f(x)dx.
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� ©

n!(12©) �¼êf(x)3[0, 1]þ�È. y²µ lim
n→∞

∫ 1

0

(1− xn)nf(x)dx =

∫ 1

0

f(x)dx.

y. -ϕn(x) = 1− (1− xn)n, n = 1, 2, · · · , K¯K8�y² lim
n→∞

∫ 1

0

f(x)ϕn(x)dx = 0. Ï�f(x)3[0, 1]þ�

È§¤±f(x)3[0, 1]þk.. �|f(x)| 6M , Ké?¿ε ∈ (0, 1), k∣∣∣∣∫ 1

1−ε
f(x)ϕn(x)dx

∣∣∣∣ 6 ∫ 1

1−ε
|f(x)ϕn(x)|dx 6

∫ 1

1−ε
Mdx =Mε.

Ï�ϕn(x)3[0, 1]üO§¤±∣∣∣∣∫ 1−ε

0

f(x)ϕn(x)dx

∣∣∣∣ 6 ∫ 1−ε

0

|f(x)ϕn(x)|dx 6
∫ 1−ε

0

Mϕn(1− ε)dx 6Mϕn(1− ε).

�a ∈ (0, 1)�§k lim
n→∞

n ln(1 − an) = lim
n→∞

n · (−an) = 0, � lim
n→∞

(1 − an)n = e0 = 1, l
 lim
n→∞

ϕn(1 − ε) =
1− 1 = 0. u´éþã�ε > 0, �3��êN , ¦��n > N�§kϕn(1− ε) < ε. Ïd§�n > N�§k∣∣∣∣∫ 1

0

f(x)ϕn(x)dx

∣∣∣∣ 6 ∣∣∣∣∫ 1−ε

0

f(x)ϕn(x)dx

∣∣∣∣+ ∣∣∣∣∫ 1

1−ε
f(x)ϕn(x)dx

∣∣∣∣ < Mε+Mε = 2Mε.

U4�½Â� lim
n→∞

∫ 1

0

f(x)ϕn(x)dx = 0. ùÒ�¤
y².

� © o!(10©) �f(x)Úg(x)Ñ´[a, b]þ�üN4O¼ê. y²µ∫ b

a

f(x)g(x)dx >
1

b− a

∫ b

a

f(x)dx

∫ b

a

g(x)dx.

y. PJ =
1

b− a

∫ b

a

f(x)dx, K¯K8�y²

∫ b

a

[f(x)− J ]g(x)dx > 0. ky²f(x)3[a, b]þëY��/. ù

�§dÈ©1�¥�½n§�3ξ ∈ [a, b], ¦�J = f(ξ). df(x)Úg(x)3[a, b]þ4O�é?¿x ∈ [a, b],

k[f(x) − f(ξ)][g(x) − g(ξ)] > 0, �

∫ b

a

[f(x) − f(ξ)][g(x) − g(ξ)]dx > 0. qÏ�

∫ b

a

[f(x) − f(ξ)]dx =

(b − a)J − (b − a)f(ξ) = 0, ¤±

∫ b

a

[f(x) − J ]g(x)dx =

∫ b

a

[f(x) − f(ξ)][g(x) − g(ξ)]dx > 0. 2y²���

/. ù�§�3[a, b]þ�ëY¼êS�{ϕn(x)}, ¦� lim
n→∞

∫ b

a

|f(x)− ϕn(x)|dx = 0. u´

∫ b

a

f(x)g(x)dx = lim
n→∞

∫ b

a

ϕn(x)g(x)dx > lim
n→∞

1

b− a

∫ b

a

ϕn(x)dx

∫ b

a

g(x)dx =
1

b− a

∫ b

a

f(x)dx

∫ b

a

g(x)dx.
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� © Ê!(10©) �¼êf(x)3(−∞,+∞)þëY§sin f(x)3(−∞,+∞)þ��ëY§¯f(x)´Ä�

½3(−∞,+∞)þ��ëYºy²\�(Ø.

). ¼êf(x)�½3(−∞,+∞)þ��ëY. ky²��Ún.

Ún. �3x, y ∈ [a, b], ¦�| sinx− sin y| > 1− cos
b− a
2

.

Ún�y². Pθ =
b− a
2

. eb− a > 2π, K�3x, y ∈ [a, b], ¦�sinx = 1, sin y = −1, l
| sinx− sin y| =

2 > 1 − cos θ. eb − a < 2π, Kd±Ï5§Ø��[a, b] ⊆
[
−π
2
,
3π

2

]
. eπ 6 b − a < 2π, K

π

2
∈ [a, b],

�
π

2
+θÚ

π

2
−θ¥��k��áu[a, b],Ø��

π

2
+θ ∈ [a, b],�x =

π

2
, y =

π

2
+θ,Òk| sinx−sin y| = 1−cos θ.

e0 < b − a < π, KdÄT�n�§«mI1 = [a, b] ∩
[
−π
2
,
π

2

]
�I2 = [a, b] ∩

[
π

2
,
3π

2

]
��k���ÝØ�

uθ. Ø��«mI1��ÝØ�uθ, u´�3x ∈ I1, ¦�y = x+ θ ∈ I1. 5¿�x ∈
[
−π
2
,
π

2
− θ
]
, Òk

| sinx− sin y| = 2 cos

(
x+

θ

2

)
sin

θ

2
> 2 cos

(
π

2
− θ

2

)
sin

θ

2
= 2 sin2 θ

2
= 1− cos θ.

/¼êf(x)3(−∞,+∞)þ��ëY0�y². �y. eØ,§K�3¼êf(x)÷vK�^�§�f(x)
3(−∞,+∞)þØ��ëY.dØ��ëY�¿�^���3ε0 ∈ (0, π),�3ê�{xn}Ú{yn},¦� lim

n→∞
(xn−

yn) = 0�|f(xn) − f(yn)| > ε0, n = 1, 2, · · · . dÚn�§�3un, vn ∈ [f(xn), f(yn)](½[f(yn), f(xn)]),

¦�| sinun − sin vn| > 1 − cos
ε0
2
. dëY¼ê�0�½n�§�3x′n, y

′
n ∈ [xn, yn](½[yn, xn]), ¦

�un = f(x′n), vn = f(y′n). u´ lim
n→∞

(x′n − y′n) = 0�| sin f(x′n) − sin f(y′n)| > 1 − cos
ε0
2
, n = 1, 2, · · · .

Ïdsin f(x)3(−∞,+∞)þØ��ëY. gñ�

1 5 � � 6 �



êÆ�ÆÆ�Ë(�2018 — 2019Æc1�ÆÏ/êÆ©Û0Ï¥�ÁÁò(Aò)

ú v «
� © 8!(6©) �¼êf(x)3[1,+∞)þëY�ð�u0, F (x) =

∫ x

1

f(t)dt, G(x) =

∫ x

1

1

f(t)
dt. q®

�~êα ∈ (0, 1), é?¿x > 1, kF (x) 6 x1+α. y²µ

lim
x→+∞

G(x)

x1−α
>

1

1− α2
.

y. d��[Ø�ª�

G(x) ·
∫ x

1

f(t)t−2αdt >

(∫ x

1

1√
f(t)

·
√
f(t)t−α

)2

=
(x1−α − 1)2

(1− α)2
.

d©ÜÈ©{ÚK�^�� ∫ x

1

f(t)t−2αdt

= F (t)t−2α
∣∣∣∣x
1

−
∫ x

1

F (t) · (−2α)t−2α−1dt

= F (x)x−2α + 2α

∫ x

1

F (t)t−2α−1dt

6 x1−α + 2α

∫ x

1

t−αdt

= x1−α +
2α

1− α
(x1−α − 1)

=
1 + α

1− α
x1−α − 2α

1− α

6
1 + α

1− α
x1−α.

Ïd§
G(x)

x1−α
>

1− α
1 + α

· (x1−α − 1)2

(1− α)2x2(1−α)
=

(1− xα−1)2

1− α2
.

þªü>-x→ +∞�e4�§�

lim
x→+∞

G(x)

x1−α
> lim

x→+∞

(1− xα−1)2

1− α2
=

1

1− α2
.

1 6 � � 6 �


