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� © �!(10©) ^½Ây²µ lim
x→x0

ax = ax0 , 0 < a < 1.

y Ï�|ax − ax0| = ax0 |ax−x0 − 1|, ¤±é?¿�½�ε > 0 (Ø��ε < ax0), �¦|ax − ax0| < ε, �

�|ax−x0 − 1| < ε

ax0
, ½�d/,

ln
(
1− ε

ax0

)
< (x− x0) ln a < ln

(
1 +

ε

ax0

)
.

-

s(ε) = min
{
ln
(
1 +

ε

ax0

)
,− ln

(
1− ε

ax0

)}
,

K(Ü0 < a < 1� |x− x0| · (− ln a) < s(ε), =

|x− x0| < −
s(ε)

ln a
.

�δ = −s(ε)
ln a

, K�0 < |x− x0| < δ�, k|ax − ax0| < ε. U¼ê4��½Â� lim
x→x0

ax = ax0 . �

5 ��±�±a�.�éê§ù�δ = min
{
− loga

(
1 +

ε

ax0

)
, loga

(
1− ε

ax0

)}
.
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EÜ¼ê�4�{K � lim
y→y0

f(y) = A, lim
x→x0

g(x) = y0��3δ > 0, ¦�0 < |x − x0| < δ�, kg(x) 6= y0,

K lim
x→x0

f(g(x)) = A.

y Ï lim
y→y0

f(y) = A, �é?Û ε > 0, Ñ�3η > 0 , �0 < |y − y0| < η�, Òk

|f(y)− A| < ε.

qÏ lim
x→x0

g(x) = y0, �éþãη > 0, �3δ′ ∈ (0, δ), �0 < |x − x0| < δ′�, Òk|g(x) − y0| < η. d®�,

�0 < |x− x0| < δ�, g(x) 6= y0, ��0 < |x− x0| < δ′�, Òk

0 < |g(x)− y0| < η.

�=, �0 < |x− x0| < δ′�, k
|f(g(x))− A| < ε.

�� lim
x→x0

f(g(x)) = A. �
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(1) lim
x→0

3
√
1 + x− 1

sinx
; (2) lim

x→0

1− cos(1− cosx)

x4
;

) (1) Ï��x→ 0�§ksinx ∼ x,

3
√
1 + x− 1 = e

1
3
ln(1+x) − 1 ∼ 1

3
ln(1 + x) ∼ x

3
,

¤±

lim
x→0

3
√
1 + x− 1

sinx
= lim

x→0

x
3

x
=

1

3
.

(2) Ï��x→ 0�§k1− cosx ∼ x2

2
, ¤±�x→ 0�§k

1− cos(1− cosx) ∼ (1− cosx)2

2
∼

(
x2

2

)2
2

=
x4

8
.

u´

lim
x→0

1− cos(1− cosx)

x4
= lim

x→0

x4

8

x4
=

1

8
.

�
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(3) lim
x→0

(
2 + e

1
x

1 + e
4
x

+
sinx

|x|

)
; (4) lim

x→1

4 arctanx− π
x− 1

.

) (3) Ï�

lim
x→0+

(
2 + e

1
x

1 + e
4
x

+
sinx

|x|

)
= lim

x→0+

2e−
4
x + e−

3
x

e−
4
x + 1

+ lim
x→0+

sinx

x
=

0 + 0

0 + 1
+ 1 = 1,

lim
x→0−

(
2 + e

1
x

1 + e
4
x

+
sinx

|x|

)
= lim

x→0−

2 + e
1
x

1 + e
4
x

+ lim
x→0+

sinx

−x
=

2 + 0

1 + 0
− 1 = 1,

¤±lim
x→0

(
2 + e

1
x

1 + e
4
x

+
sinx

|x|

)
= 1.

(4) -y = arctanx− π

4
, K�x→ 1�§ky → 0, �x 6= 1�§ky 6= 0. u´k

lim
x→1

4 arctanx− π
x− 1

= lim
y→0

4y

tan
(
y + π

4

)
− 1

= lim
y→0

4y
tan y+1
1−tan y − 1

= lim
y→0

2y(1− tan y)

tan y

= 2 lim
y→0

y

sin y
· lim
y→0

cos y(1− tan y)

= 2 · 1 · 1(1− 0)

= 2.

�
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� © o!(10©) �xn = 1 − 1

2
+

1

3
− 1

4
+ · · · + (−1)n−1 1

n
, n = 1, 2, · · · . Á^�ÜÂñ�ny²ê

�{xn}Âñ.

y ky²Ø�ªµé?¿��ênÚp, k0 <
1

n+ 1
− 1

n+ 2
+ · · · + (−1)p−1 1

n+ p
6

1

n+ 1
. ù´Ï�§

ep�óê§K

1

n+ 1
− 1

n+ 2
+ · · ·+ (−1)p−1 1

n+ p
=

(
1

n+ 1
− 1

n+ 2

)
+ · · ·+

(
1

n+ p− 1
− 1

n+ p

)
> 0,

ep�Ûê§K

1

n+ 1
− 1

n+ 2
+ · · ·+ (−1)p−1 1

n+ p
=

(
1

n+ 1
− 1

n+ 2

)
+ · · ·+

(
1

n+ p− 2
− 1

n+ p− 1

)
+

1

n+ p
> 0;

ep�óê§K

1

n+ 1
− 1

n+ 2
+· · ·+(−1)p−1 1

n+ p
=

1

n+ 1
−
(

1

n+ 2
− 1

n+ 3

)
−· · ·−

(
1

n+ p− 2
− 1

n+ p− 1

)
− 1

n+ p
<

1

n+ 1
,

ep�Ûê§K

1

n+ 1
− 1

n+ 2
+ · · ·+ (−1)p−1 1

n+ p
=

1

n+ 1
−
(

1

n+ 2
− 1

n+ 3

)
− · · · −

(
1

n+ p− 1
− 1

n+ p

)
6

1

n+ 1
.

é?¿�½�ε > 0, �N =

[
1

ε

]
+ 1, K�n > N�§é?¿��êp, k

|xn+p − xn| =
∣∣∣∣(−1)n 1

n+ 1
+ (−1)n+1 1

n+ 2
+ · · ·+ (−1)n+p−1 1

n+ p

∣∣∣∣
=

∣∣∣∣ 1

n+ 1
− 1

n+ 2
+ · · ·+ (−1)p−1 1

n+ p

∣∣∣∣ = 1

n+ 1
− 1

n+ 2
+ · · ·+ (−1)p−1 1

n+ p

6
1

n+ 1
<

1

n
< ε.

d�ÜÂñ�n�ê�{xn}Âñ. �
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� © Ê!(10©) �¼êf(x)3(a,+∞)üN4~, lim

n→∞
xn = +∞, y²: e lim

n→∞
f(xn) = A,

K lim
x→+∞

f(x) = A.

y d lim
n→∞

f(xn) = A�µé?��ε > 0, �3��êN1, �n > N1�, k|f(xn)− A| < ε, =

A− ε < f(xn) < A+ ε, ∀n > N1.

d lim
n→∞

xn = +∞�µé?¿x > xN1+1, �3��êN2, �n > N2�, kxn > x. �N = max{N1, N2}, @o
�n > N�, kxn > x > xN1+1. 2(Ü¼êf(x)3(a,+∞)üN4~�

A− ε < f(xn) 6 f(x) 6 f(xN1+1) < A+ ε,

=�x > xN1+1�§k|f(x)− A| < ε. U¼ê4�½Â� lim
x→+∞

f(x) = A. �
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� © 8!(15©) �x1 > 0, xn+1 =

3(1 + xn)

3 + xn
, n = 1, 2, · · ·. y²ê�{xn}Âñ¿¦Ù4�.

y Ux1��©�/?Ø.

(i) x1 =
√
3��/. ù�§kx2 =

3(1 +
√
3)

3 +
√
3

=
√
3. u´é?¿��ên, Ñkxn =

√
3. �ê�{xn}Âñ

� lim
n→∞

xn =
√
3.

(ii) x1 >
√
3��/. k^êÆ8B{y²é?¿��ên, Ñkxn >

√
3. n = 1�·K¤á§�n�·K¤

á§Kn+ 1�§k

xn+1 =
3(1 + xn)

3 + xn
= 3− 6

3 + xn
> 3− 6

3 +
√
3
=
√
3.

dêÆ8B{Òy²
é?¿��ên, Ñkxn >
√
3. Ï�

xn+1 − xn =
3(1 + xn)

3 + xn
− xn =

3− x2n
3 + xn

< 0,

¤±ê�{xn}î�4~. qê�{xn}ke.
√
3, �düNÂñ½n�ê�{xn}Âñ. PA = lim

n→∞
xn, KA >

0. 3xn+1 =
3(1 + xn)

3 + xn
ü>-n → ∞�4�§�A =

3(1 + A)

3 + A
, z{�A2 = 3, )�A =

√
3½A = −

√
3(�

�). ¤± lim
n→∞

xn =
√
3.

(iii) 0 < x1 <
√
3��/. w,é?¿��ên, Ñkxn > 0. e¡^êÆ8B{y²é?¿��ên, Ñ

kxn <
√
3. n = 1�·K¤á§�n�·K¤á§Kn+ 1�§k

xn+1 =
3(1 + xn)

3 + xn
= 3− 6

3 + xn
< 3− 6

3 +
√
3
=
√
3.

dêÆ8B{Òy²
é?¿��ên, Ñkxn <
√
3. Ï�

xn+1 − xn =
3(1 + xn)

3 + xn
− xn =

3− x2n
3 + xn

> 0,

¤±ê�{xn}î�4O. qê�{xn}kþ.
√
3, �düNÂñ½n�ê�{xn}Âñ. PA = lim

n→∞
xn, KA >

0. 3xn+1 =
3(1 + xn)

3 + xn
ü>-n → ∞�4�§�A =

3(1 + A)

3 + A
, z{�A2 = 3, )�A =

√
3½A = −

√
3(�

�). ¤± lim
n→∞

xn =
√
3. �
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