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∫
x5 − x3

x4 + x2 + 1
dx.

) ∫
x5 − x3

x4 + x2 + 1
dx =

∫ (
x− 2x3 + x

x4 + x2 + 1

)
dx =

∫
xdx−

∫
2x3 + x

x4 + x2 + 1
dx

=
1

2
x2 −

∫ 1
2
d(x4 + x2 + 1)

x4 + x2 + 1
=

1

2
x2 − 1

2
ln(x4 + x2 + 1) + C.

,) ∫
x5 − x3

x4 + x2 + 1
dx =

∫
(x4 − x2) · 1

2
d(x2)

x4 + x2 + 1
dx =

1

2

∫
t2 − t

t2 + t+ 1
dt (t = x2)

=
1

2

∫ (
1− 2t+ 1

t2 + t+ 1

)
dt =

1

2

∫
dt− 1

2

∫
2t+ 1

t2 + t+ 1
dt =

1

2
t− 1

2

∫
d(t2 + t+ 1)

t2 + t+ 1

=
1

2
t− 1

2
ln(t2 + t+ 1) + C ==

1

2
x2 − 1

2
ln(x4 + x2 + 1) + C.
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x→0

ln(1 + sin x) + e−x − 1

x4
.

) dln(1 + x)Úsinx�ð�N�úª��

ln(1 + sin x) = sinx− 1

2
sin2 x+

1

3
sin3 x− 1

4
sin4 x+ o(sin4 x)

=

(
x− 1

6
x3 + o(x4)

)
− 1

2

(
x− 1

6
x3 + o(x4)

)2

+
1

3

(
x− 1

6
x3 + o(x4)

)3

− 1

4

(
x− 1

6
x3 + o(x4)

)4

+ o(x4)

=

(
x− 1

6
x3
)
− 1

2

(
x2 − 1

3
x4
)
+

1

3
x3 − 1

4
x4 + o(x4)

= x− 1

2
x2 +

1

6
x3 − 1

12
x4 + o(x4) (x→ 0).

dex�ð�N�úª��

e−x = 1 + (−x) + 1

2
(−x)2 + 1

6
(−x)3 + 1

24
(−x)4 + o(x4) = 1− x+ 1

2
x2 − 1

6
x3 +

1

24
x4 + o(x4) (x→ 0).

l
k

lim
x→0

ln(1 + sin x) + e−x − 1

x4

= lim
x→0

(
x− 1

2
x2 + 1

6
x3 − 1

12
x4 + o(x4)

)
+
(
1− x+ 1

2
x2 − 1

6
x3 + 1

24
x4 + o(x4)

)
− 1

x4

= lim
x→0

− 1
24
x4 + o(x4)

x4

= − 1

24
.
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� © n!(15©) �¼êf(x)3(a, b)���3(a, b)S�k���7:x0, f(x0)�4��. y²µé?

¿x ∈ (a, b), x 6= x0, Ñkf(x) > f(x0).

y Ï�¼êf(x)3(a, b)���3(a, b)S�k���7:x0, ¤±f(x)3(a, x0)þðØ�0. �â�Ù½
n§f(x)3(a, x0)þð�u0½ð�u0. ef(x)3(a, x0)þð�u0, Kf(x)3(a, x0]þî�4O§u´�x ∈
(a, x0)�, kf(x) < f(x0), �f(x0)�4��gñ�Ïd§f(x)3(a, x0)þð�u0. u´f(x)3(a, x0]þî�
4~§�é?¿x ∈ (a, x0), kf(x) > f(x0).

Ón�yf(x)3(x0, b)þð�u0. u´f(x)3[x0, b)þî�4O§�é?¿x ∈ (x0, b), kf(x) > f(x0).

nÜ±þ?Ø§é?¿x ∈ (a, b), x 6= x0, Ñkf(x) > f(x0).
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� © o!(15©) �¼êf(x)3[0, 2]üg��§�é?¿x ∈ [0, 2]§k|f(x)| 6 1, |f ′′(x)| 6 2. y

²µ|f ′(1)| 6 2.

y d�.�KF{���Vúª�§�x ∈ [0, 2]�§k

f(x) = f(1) + f ′(1)(x− 1) +
f ′′(ξ)

2
(x− 1)2, Ù¥ξ0ux�1�m.

AO/§

f(0) = f(1) + f ′(1) · (−1) + f ′′(ξ1)

2
· (−1)2, ξ1 ∈ (0, 1),

f(2) = f(1) + f ′(1) · 1 + f ′′(ξ2)

2
· 12, ξ2 ∈ (1, 2).

�ª~�cª§�

f(2)− f(0) = 2f ′(1) +
f ′′(ξ2)− f ′′(ξ1)

2
,

l


f ′(1) =
f(2)− f(0)

2
+
f ′′(ξ1)− f ′′(ξ2)

4
.

Ï�é?¿x ∈ [0, 2]§k|f(x)| 6 1, |f ′′(x)| 6 2, ¤±

|f ′(1)| =

∣∣∣∣f(2)− f(0)2
+
f ′′(ξ1)− f ′′(ξ2)

4

∣∣∣∣
6
|f(2)|+ |f(0)|

2
+
|f ′′(ξ1)|+ |f ′′(ξ2)|

4

6
1 + 1

2
+

2 + 2

4
= 2.
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∫
x lnx√
1− x2

dx.

) dn�©{� ∫
x√

1− x2
dx =

∫ −1
2
d(1− x2)
√
1− x2

= −
√
1− x2 + C.

u´d©ÜÈ©{�∫
x lnx√
1− x2

dx =

∫
lnxd(−

√
1− x2) = −

√
1− x2 lnx−

∫
(−
√
1− x2)· 1

x
dx = −

√
1− x2 lnx+

∫ √
1− x2
x

dx.

�È¼ê
x lnx√
1− x2

�½Â�´(0, 1), -x = cos t, t ∈
(
0, π

2

)
, Kdx = − sin tdt,

√
1− x2 = sin t. l
k

∫ √
1− x2
x

dx =

∫
sin t

cos t
· (− sin tdt) =

∫
cos2 t− 1

cos t
dt

=

∫
cos tdt−

∫
sec tdt = sin t− ln |sec t+ tan t|+ C =

√
1− x2 − ln

∣∣∣∣1x +

√
1− x2
x

∣∣∣∣+ C

=
√
1− x2 + lnx− ln(1 +

√
1− x2) + C.

Ïd§ ∫
x lnx√
1− x2

dx = −
√
1− x2 lnx+

√
1− x2 + lnx− ln(1 +

√
1− x2) + C.
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� © 8!(15©) �¼êf(x)3(−∞,+∞)��� lim

x→∞

f(x)

x
= 0. y²µ�3¢êξ, ¦�

f(ξ)f ′(ξ) = ξ.

y -g(x) = f 2(x)− x2, Kg(x)3(−∞,+∞)��§�

g′(x) = 2[f(x)f ′(x)− x].

d lim
x→∞

f(x)

x
= 0�

lim
x→∞

g(x) = lim
x→∞

x2 ·

[(
f(x)

x

)2

− 1

]
= −∞.

-λ = g(0)− 1, dKÃ¡�þ�½Â�§�3X > 0, �|x| > X�§kg(x) < λ. Ï�g(0) > λ, g(−X) < λ,
¤±dëY¼ê�0�½n��3ξ1 ∈ (−X, 0), ¦�g(ξ1) = λ. Ï�g(0) > λ, g(X) < λ, ¤±dëY¼ê
�0�½n��3ξ2 ∈ (0, X), ¦�g(ξ2) = λ. Ï�g(x)3(−∞,+∞)��§ξ1 < ξ2, g(ξ1) = g(ξ2), ¤±dÛ
�½n��3ξ ∈ (ξ1, ξ2), ¦�g

′(ξ) = 0. qg′(x) = 2[f(x)f ′(x)− x], �f(ξ)f ′(ξ)− ξ = 0, l


f(ξ)f ′(ξ) = ξ.
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� © Ô!(10©) �¼êf(x)Úg(x)Ñ3[a, b]ëY!4O�eà§Ñ3(a, b)ëY��. y²µ�3ξ ∈

(a, b), ¦�
f(b)− f(a)

b− a
· g(b)− g(a)

b− a
= f ′(ξ)g′(ξ).

y Ï�¼êf(x)Úg(x)Ñ3[a, b]ëY§3(a, b)��§¤±d.�KF¥�½n�§�3ξ1 ∈ (a, b)Úξ2 ∈
(a, b), ¦�

f ′(ξ1) =
f(b)− f(a)

b− a
, g′(ξ2) =

g(b)− g(a)
b− a

.

eξ1 = ξ2, K�ξ = ξ1 = ξ2, Òk

f(b)− f(a)
b− a

· g(b)− g(a)
b− a

= f ′(ξ1)g
′(ξ2) = f ′(ξ)g′(ξ).

Ïd§e¡�ξ1 6= ξ2. Ø��ξ1 < ξ2 (ξ1 > ξ2�/�y²´aq�). -

ϕ(x) = f ′(x)g′(x), x ∈ (a, b),

Kdf(x)Úg(x)Ñ3(a, b)ëY���ϕ(x)3(a, b)ëY. Ï�f(x)Úg(x)Ñ3(a, b)��!4O§¤±f ′(x)Ú
g′(x)Ñ3(a, b)�K. Ï�f(x)Úg(x)Ñ3(a, b)��!eà§¤±f ′(x)Úg′(x)Ñ3(a, b)üN4O. u´

0 6 f ′(ξ1) 6 f ′(ξ2), 0 6 g′(ξ1) 6 g′(ξ2).

dd��
ϕ(ξ1) = f ′(ξ1)g

′(ξ1) 6 f ′(ξ1)g
′(ξ2),

ϕ(ξ2) = f ′(ξ2)g
′(ξ2) > f ′(ξ1)g

′(ξ2).

�âëY¼ê�0�½n��3ξ ∈ [ξ1, ξ2], ¦�ϕ(ξ) = f ′(ξ1)g
′(ξ2), =f

′(ξ)g′(ξ) = f ′(ξ1)g
′(ξ2). Ïd§

f(b)− f(a)
b− a

· g(b)− g(a)
b− a

= f ′(ξ1)g
′(ξ2) = f ′(ξ)g′(ξ).
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