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� © �!(15©) ¦¼êf(x) = x2 − 4x sinx− 4 cosx3(−π, π)¥�4��:�4��:.

) éf(x)¦�§�
f ′(x) = 2x− 4 sinx− 4x cosx+ 4 sinx = 2x(1− 2 cosx).

df ′(x) = 0�x = 0½cosx =
1

2
, �f(x)3(−π, π)¥kn�7:x1 = 0, x2 = −π

3
Úx3 =

π

3
. éf ′(x) =

2x− 4x cosx¦�§�
f ′′(x) = 2− 4 cosx+ 4x sinx.

Ï�f ′′(0) = −2 < 0, ¤±d���ê�O{�x1 = 0´f(x)�4��:¶Ï�f ′′
(
−π
3

)
= f ′′

(π
3

)
=

2
√
3

3
π > 0, ¤±d���ê�O{�x2 = −

π

3
Úx3 =

π

3
´f(x)�4��:.

Ïd§¼êf(x) = x2 − 4x sinx− 4 cosx3(−π, π)¥�4��:�0, 4��:�−π
3
Ú
π

3
.
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(1)

∫
ex sinx cosxdx;

(2)

∫
x√

e2x2 − 1
dx.

) (1) PI =

∫
ex sin 2xdx, Kd©ÜÈ©{�

I = ex sin 2x−
∫

ex · 2 cos 2xdx

= ex sin 2x−
(
2ex cos 2x−

∫
ex · (−4 sin 2x)dx

)
= ex sin 2x− 2ex cos 2x− 4I.

Ïd§

I =
1

5
ex(sin 2x− 2 cos 2x) + C.

l ∫
ex sinx cosxdx =

1

2

∫
ex sin 2xdx =

1

2
I =

1

10
ex(sin 2x− 2 cos 2x) + C.

(2) ∫
x√

e2x2 − 1
dx =

1

2

∫
dt√

e2t − 1
(t = x2��) =

1

2

∫
e−tdt√
1− e−2t

=
1

2

∫
−du√
1− u2

(u = e−t��) = −1

2
arcsinu+ C = −1

2
arcsin

(
e−x

2
)
+ C.

(2)�,) -t =
√
e2x2 − 1, K2x2 = ln(1 + t2). þªü>¦�©�4xdx =

2t

1 + t2
dt, �xdx =

t

2(1 + t2)
dt.

u´k ∫
x√

e2x2 − 1
dx =

∫ t
2(1+t2)

dt

t
=

1

2

∫
dt

1 + t2

=
1

2
arctan t+ C =

1

2
arctan

(√
e2x2 − 1

)
+ C.
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� © n!(15©) �n´��ê§a1, a2, · · · , anÑ´�¢ê. Pa =

a1 + a2 + · · ·+ an
n

, y²µ

ana 6
n∏

i=1

aaii .

y -f(x) = x lnx, Kf ′(x) = lnx + 1, f ′′(x) =
1

x
. Ï�f ′′(x)3(0,+∞)ð�§¤±f(x)3(0,+∞)î�e

à. dÉÜØ�ª�

f

(
n∑

i=1

1

n
· ai

)
6

n∑
i=1

1

n
f(ai).

df(x) = x lnxÚa =
a1 + a2 + · · ·+ an

n
�þªÒ´

a ln a 6
1

n

n∑
i=1

ai ln ai.

u´aa 6

(
n∏

i=1

aaii

) 1
n

, �

ana 6
n∏

i=1

aaii .

1 3 � � 6 �



ên�Æ��êâ��)2020 — 2021Æc1�ÆÏ/êÆ©ÛI0��3Áò

ú v «
� © o!(15©) �¼êf(x)3[−1, 1]þng��§f(−1) = 0, f(1) = 1, f ′(0) = 0. y²µ�3ξ ∈

(−1, 1), ¦�f ′′′(ξ) = 3.

y d�Vúª§k

0 = f(−1) = f(0) + f ′(0)(−1− 0) +
f ′′(0)

2
(−1− 0)2 +

f ′′′(ξ1)

6
(−1− 0)3 = f(0) +

f ′′(0)

2
− f ′′′(ξ1)

6
,

Ù¥−1 < ξ1 < 0,

1 = f(1) = f(0) + f ′(0)(1− 0) +
f ′′(0)

2
(1− 0)2 +

f ′′′(ξ2)

6
(1− 0)3 = f(0) +

f ′′(0)

2
+
f ′′′(ξ2)

6
,

Ù¥0 < ξ2 < 1. �ª~�cª§�
f ′′′(ξ1) + f ′′′(ξ2)

6
= 1.

ef ′′′(ξ1) = 3, K�ξ = ξ1=�¶ef
′′′(ξ1) 6= 3, Kf ′′′(ξ1)Úf

′′′(ξ2)¥���u3, ,���u3, d�Ù½n�
�3ξ ∈ (ξ1, ξ2) ⊆ (−1, 1), ¦�f ′′′(ξ) = 3.

1 4 � � 6 �



ên�Æ��êâ��)2020 — 2021Æc1�ÆÏ/êÆ©ÛI0��3Áò

ú v «
� © Ê!(15©) �¼êf(x)3(−∞,+∞)��§ lim

x→∞

f(x)

|x|
= +∞. y²µf ′(x)���´(−∞,+∞).

y �y²f ′(x)���´(−∞,+∞), �Iy²é?¿¢êc, Ñ�3¢êξ, ¦�f ′(ξ) = c. d lim
x→∞

f(x)

|x|
=

+∞�
lim

x→+∞

f(x)

x
= +∞� lim

x→−∞

f(x)

−x
= +∞.

d lim
x→+∞

f(x)

x
= +∞�

lim
x→+∞

f(x)− f(0)
x

= +∞.

u´�3x1 > 0, ¦�
f(x1)− f(0)

x1
> c. d.�KF¥�½n��3ξ1 ∈ (0, x1), ¦�

f ′(ξ1) =
f(x1)− f(0)

x1
,

lf ′(ξ1) > c; Ón§d lim
x→−∞

f(x)

−x
= +∞�

lim
x→−∞

f(x)− f(0)
x

= −∞.

u´�3x2 < 0, ¦�
f(x2)− f(0)

x2
< c. d.�KF¥�½n��3ξ2 ∈ (x2, 0), ¦�

f ′(ξ2) =
f(x2)− f(0)

x2
,

lf ′(ξ2) < c. d�Ù½n��3ξ ∈ (ξ2, ξ1), ¦�f
′(ξ) = c. ùÒ�¤
y².

,y �y²f ′(x)���´(−∞,+∞), �Iy²é?¿¢êc, Ñ�3¢êξ, ¦�f ′(ξ) = c. -

g(x) =


f(x)− f(0)

x
, x 6= 0,

f ′(0), x = 0,
Kdf(x)3(−∞,+∞)���g(x)3(−∞,+∞)ëY. d lim

x→∞

f(x)

|x|
= +∞�

lim
x→+∞

g(x) = lim
x→+∞

f(x)

x
− lim

x→+∞

f(0)

x
= +∞� lim

x→−∞
g(x) = lim

x→−∞

f(x)

x
− lim

x→−∞

f(0)

x
= −∞.

ec = g(0) = f ′(0), K�ξ = 0, Ò¦�f ′(ξ) = c; ec 6= g(0), KØ��c > g(0), d lim
x→+∞

g(x) = +∞��

3x1 > 0, ¦�g(x1) > c, �d0�½n��3η ∈ (0, x1), ¦�g(η) = c, =
f(η)− f(0)

η
= c, 2d.�KF

¥�½n��3ξ ∈ (0, η), ¦�f ′(ξ) = c. ùÒ�¤
y².
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� ©

8!(10©) ¦4� lim
n→∞

[
2n2

(
e−

(
1 +

1

n

)n)
− en

]
.

) k¦¼ê4� lim
x→+∞

[
2x2

(
e−

(
1 +

1

x

)x)
− ex

]
. �x→ +∞�§k

x ln

(
1 +

1

x

)
− 1

= x ·
(
1

x
− 1

2x2
+

1

3x3
+ o

(
1

x3

))
− 1

= − 1

2x
+

1

3x2
+ o

(
1

x2

)
.

u´�x→ +∞�§k(
1 + 1

x

)x
e

= ex ln(1+ 1
x)−1 = e−

1
2x

+ 1
3x2

+o( 1
x2
)

= 1 +

(
− 1

2x
+

1

3x2
+ o

(
1

x2

))
+

1

2

(
− 1

2x
+

1

3x2
+ o

(
1

x2

))2

+ o

(
1

x2

)
= 1− 1

2x
+

11

24x2
+ o

(
1

x2

)
.

Ïd§

lim
x→+∞

[
2x2

(
e−

(
1 +

1

x

)x)
− ex

]
= e lim

x→+∞

[
2x2

(
1−

(
1 + 1

x

)x
e

)
− x

]

= e lim
x→+∞

[
2x2 ·

(
1

2x
− 11

24x2
+ o

(
1

x2

))
− x
]

= e lim
x→+∞

[
−11

12
+ o(1)

]
= −11

12
e.

d°r½n§k

lim
n→∞

[
2n2

(
e−

(
1 +

1

n

)n)
− en

]
= −11

12
e.
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