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;�: c?: ÆÒ: 6¶: ¤1:

� © �!(10©) �y = y(x)´d�§ey + xy = e(½�Û¼ê§¦y′′(0).

) 3�§ey+xy = e¥-x = 0,�ey = e,)�y = 1. 3�ªey+xy = eü>éx¦�§�eyy′+y+xy′ = 0,

)�y′ = − y

ey + x
. òx = 0, y = 1�\þª§�y′(0) = −1

e
. 3�ªeyy′ + y + xy′ = 0ü>éx¦�§

�ey(y′)2 + eyy′′ + y′ + y′ + xy′′ = 0, )�y′′ = −ey(y′)2 + 2y′

ey + x
. òx = 0, y = 1, y′(0) = −1

e
�\þª§�

y′′(0) = −
e · 1

e2
− 2

e

e
=

1

e2
.

� © �!(10©) �f(x) = (x2 + 1)(sinx+ cosx+ tanx), ¦f (10)(0).

) -g(x) = (x2+1)(sinx+tanx), h(x) = (x2+1) cosx,Kf(x) = g(x)+h(x). dg(x)´Û¼ê�g(10)(x)�
´Û¼ê§�g(10)(0) = 0. d4ÙZ]úª�

h(10)(x) = (x2 + 1)(cosx)(10) +C1
10 · 2x · (cosx)(9) +C2

10 · 2 · (cosx)(8) = −(x2 + 1) cosx− 20x sinx+ 90 cosx,

�h(10)(0) = −1− 0 + 90 = 89. u´

f (10)(0) = g(10)(0) + h(10)(0) = 0 + 89 = 89.
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� © n!(10©) �x ∈ (0, 1), y²µxx + (1− x)1−x >

√
2.

y -f(x) = xx, Kf ′(x) =
(
ex lnx

)′
= ex lnx(lnx + 1) = xx(lnx + 1), f ′′(x) = xx(lnx + 1)2 + xx−1. dd�

�f ′′(x)3(0, 1)¥ð�u0, �f(x)3(0, 1)î�eà. deà¼ê�½Â�§é?¿x ∈ (0, 1), k

xx + (1− x)1−x = f(x) + f(1− x) > 2f

(
x+ (1− x)

2

)
= 2f

(
1

2

)
=
√
2.

,y dþ�Ø�ª�xx+(1−x)1−x > 2x
x
2 (1−x) 1−x

2 ,��y²xx+(1−x)1−x >
√
2,�Iy²x

x
2 (1−x) 1−x

2 >√
2

2
, ù�Ø�ª�duxx(1 − x)1−x >

1

2
. -f(x) = x lnx + (1 − x) ln(1 − x), �y²xx(1 − x)1−x >

1

2
, �

Iy²f(x) > ln
1

2
. df ′(x) = ln x+ 1− ln(1− x)− 1 = ln x− ln(1− x)�f ′(x)3

(
0,

1

2

)
�u0, 3

(
1

2
, 1

)
�

u0, �f(x)3

(
0,

1

2

]
î�4~§3

[
1

2
, 1

)
î�4O. Ïd§é?¿x ∈ (0, 1), kf(x) > f

(
1

2

)
= ln

1

2
. ùÒ

�¤
y².

� © o!(12©) �¼êf(x)3(−∞,+∞)üg��§|f(x)|33(−∞,+∞)eà. y²µé?¿¢êx,
kf(x)f ′′(x) + 2[f ′(x)]2 > 0.

y -g(x) = |x|3, Kg′(x) = 3 sgnx · x2, g′′(x) = 6 sgnx · x. Ph(x) = |f(x)|3, Kh(x) = g(f(x)), u
´h′(x) = g′(f(x))f ′(x), h′′(x) = g′′(f(x))[f ′(x)]2 + g′(f(x))f ′′(x). Ïd§

h′′(x) = 6 sgn f(x) · f(x) · [f ′(x)]2 + 3 sgn f(x) · [f(x)]2 · f ′′(x) = 3|f(x)|
[
f(x)f ′′(x) + 2[f ′(x)]2

]
.

dh(x) = |f(x)|33(−∞,+∞)eà�h′′(x) > 0, �é?¿¢êx, k|f(x)| [f(x)f ′′(x) + 2[f ′(x)]2] > 0.
ef(x) 6= 0, Kd|f(x)| [f(x)f ′′(x) + 2[f ′(x)]2] > 0�f(x)f ′′(x) + 2[f ′(x)]2 > 0; ef(x) = 0, Kf(x)f ′′(x) +
2[f ′(x)]2 = 2[f ′(x)]2 > 0.
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� © Ê!(12©) �¼êf(x)3[−1, 1]ëY§3(−1, 1)Ã¡g��§é?¿g,ênÚ?¿x ∈

(−1, 0) ∪ (0, 1), Ñk
∣∣f (n)(x)

∣∣ < n!|x|. y²µf(x)3[−1, 1]þð�u0.

y Ï�é?¿g,ênÚ?¿x ∈ (−1, 0) ∪ (0, 1), Ñk
∣∣f (n)(x)

∣∣ < n!|x|, ¤±dü>Y½n�lim
x→0

f (n)(x) =

0, n = 0, 1, 2, · · · . 2(Üf (n)(x)3(−1, 1)ëY§�f (n)(0) = lim
x→0

f (n)(x) = 0, n = 0, 1, 2, · · · . u´é?
¿x ∈ (−1, 0) ∪ (0, 1), d�Vúª�

f(x) =
n−1∑
k=0

f (k)(0)

k!
xk +

f (n)(θnx)

n!
xn =

f (n)(θnx)

n!
xn, n = 1, 2, · · · ,

Ù¥θn ∈ (0, 1). Ï�
∣∣f (n)(x)

∣∣ < n!|x|, ¤±

|f(x)| =
∣∣f (n)(θnx)

∣∣
n!

|x|n < |θnx| · |x|n < |x|n+1.

qÏ� lim
n→∞

|x|n+1 = 0, ¤±f(x) = 0. ùÒy²
f(x)3(−1, 1)¥ð�u0, 2(Üf(x)3[−1, 1]ëY=
�f(x)3[−1, 1]þð�u0.

� © 8!(12©) �¼êf(x)3[0, 1]ëY§3(0, 1)��§f(0) = 0, f(1) = 1. y²µ�3ξ, η ∈ (0, 1),
ξ < η, ¦�f ′(ξ)f ′(η) = 1.

y d.�KF¥�½n��3c ∈ (0, 1), ¦�f ′(c) =
f(1)− f(0)

1− 0
= 1. e�3d ∈ (0, 1), d 6= c, ¦

�f ′(d) = 1, K�ξ = min{c, d}, η = max{c, d}=�. e�§f ′(x) = 13(0, 1)¥�kx = cù���§Kd�
Ù½n�f ′(x)3(0, c)Ú(c, 1)¥ð�u1½ð�u1. ef ′(x)3(0, c)Ú(c, 1)¥Ñð�u1, -g(x) = f(x) − x,
Kg(x)3[0, 1]ëY§3(0, 1)��. Ï�g′(c) = 0, g′(x)3(0, c)Ú(c, 1)¥Ñð�u0, ¤±g(x)3[0, 1]î�
4O. �ù�g(0) = 0 = g(1)gñ�Ïd§f ′(x)ØU3(0, c)Ú(c, 1)¥Ñð�u1. Ón�yf ′(x)ØU
3(0, c)Ú(c, 1) ¥Ñð�u1. Ø��f ′(x)3(0, c)¥ð�u1, 3(c, 1)¥ð�u1, Kd�Ù½n��3a ∈
(0, c), ¦�f ′(a) ∈ (0, 1). ?¿�½�:b ∈ (c, 1), �Äf ′(a)f ′(b). ef ′(a)f ′(b) = 1, K�ξ = a, η = b=�¶
ef ′(a)f ′(b) > 1, Kd�Ù½n��3η ∈ (c, b), ¦�f ′(a)f ′(η) = 1, �ξ = a=�¶ef ′(a)f ′(b) < 1, Kd�
Ù½n��3ξ ∈ (a, c), ¦�f ′(ξ)f ′(b) = 1, �η = b=�. ùÒ�¤
y².

,y -g(x) = f(x) − (1 − x), Kg(x)3[0, 1]ëY§g(0) = −1, g(1) = 1. u´d":�3½n��
3c ∈ (0, 1), ¦�g(c) = 0, =f(c) = 1− c. d.�KF¥�½n��3ξ ∈ (0, c), η ∈ (c, 1), ¦�

f ′(ξ) =
f(c)− f(0)

c− 0
=

1− c
c

, f ′(η) =
f(1)− f(c)

1− c
=

c

1− c
.

¤±§f ′(ξ)f ′(η) =
1− c
c
· c

1− c
= 1.
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� ©

Ô!(10©) ¦4� lim
n→∞

(
1 + 2

n

)n lnn − n2

ln (n!)
.

) d�dþ����{±9�Vúª§�(
1 +

2

n

)n lnn

− n2

= en lnn ln(1+ 2
n) − e2 lnn

= e2 lnn ·
[
en lnn ln(1+ 2

n)−2 lnn − 1
]

∼ e2 lnn ·
[
n lnn ln

(
1 +

2

n

)
− 2 lnn

]
= n2 lnn

[
n ln

(
1 +

2

n

)
− 2

]
= n2 lnn

[
n

(
2

n
− 1

2

(
2

n

)2

+ o

(
1

n2

))
− 2

]

= n2 lnn

[
− 2

n
+ o

(
1

n

)]
∼ −2n lnn (n→∞).

Ïd§ lim
n→∞

(
1 + 2

n

)n lnn − n2

ln (n!)
= −2 lim

n→∞

n lnn

ln (n!)
. Ï�

lim
n→∞

(n+ 1) ln(n+ 1)− n lnn
ln ((n+ 1)!)− ln (n!)

= lim
n→∞

ln(n+ 1) + n ln
(
1 + 1

n

)
ln(n+ 1)

= 1 + 0 = 1,

¤±d�![½n� lim
n→∞

n lnn

ln (n!)
= 1, l lim

n→∞

(
1 + 2

n

)n lnn − n2

ln (n!)
= −2.
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� © l!(10©) �¼êf(x)3[−1, 1]Ã¡g��§f (n)(−1) = f (n)(1) = 0, n = 0, 1, 2, · · · ,

�f(x)3(−1, 1)¥ð�u0. y²µ�3��êk, ¦�
f(x)

(1− x2)k
3(−1, 1)¥��k3�4�:.

y Ï� lim
k→∞

f( 1
2)(

1−( 1
2)

2
)k = +∞, lim

k→∞

f(− 1
2)(

1−(− 1
2)

2
)k = +∞, ¤±�3��êk, ¦�

f( 1
2)(

1−( 1
2)

2
)k > f(0)�

f(− 1
2)(

1−(− 1
2)

2
)k > f(0). -g(x) =

f(x)

(1− x2)k
, Kg(x)3(−1, 1)Ã¡g��§g

(
1

2

)
> g(0), g

(
−1

2

)
> g(0).

-h(x) =

{
g(x), x ∈ (−1, 1),
0, x = ±1,

Kdâ7�{K� lim
x→−1+

h(x) =
1

2k
lim

x→−1+

f(x)

(1 + x)k
=

1

2k
lim

x→−1+

f ′(x)

k(1 + x)k−1
=

· · · = 1

2k
lim

x→−1+

f (k)(x)

k!
= 0, �h(x)3x = −1?ëY. Ón�yh(x)3x = 1?ëY§�h(x)3[−1, 1]ëY. Ï

�h

(
1

2

)
= g

(
1

2

)
> max{h(0), h(1)},¤±h(x)3[0, 1]þ����3(0, 1)¥��§Pξ1 ∈ (0, 1)´h(x)3[0, 1]

þ������:. aq/§�3ξ2 ∈ (−1, 0), ¦�ξ2´h(x)3[−1, 0]þ������:§�3ξ3 ∈(
−1

2
,
1

2

)
, ¦�ξ3´h(x)3

[
−1

2
,
1

2

]
þ������:. w,ξ1 > ξ2, dh(ξ1) > h

(
1

2

)
> h(0) > h(ξ3)�ξ1 6=

ξ3,Ón��ξ2 6= ξ3. Ï�ξ1, ξ2, ξ3Ñ´h(x)�4�:§¤±h(x)3(−1, 1)¥��k3�4�:§=
f(x)

(1− x2)k
3

(−1, 1)¥��k3�4�:.

� © Ê!(7©) �¼êf(x)3[0, 1]ëY§f(0) > 0, f(1) < 1. y²µ�3η ∈
(
0,

1

2

)
Úξ ∈ (η, 1 − η),

¦�f(ξ − η) + f(ξ) + f(ξ + η) = 3ξ.

y -g(x) = f(x) − x, Kg(x)3[0, 1]ëY§g(0) > 0, g(1) < 0. u´dëY¼ê�ÛÜ�Ò5��

3δ ∈
(
0,

1

2

)
, ¦��x ∈ [0, δ]�§kg(x) > 0, �x ∈ [1 − δ, 1]�§kg(x) < 0. �η =

δ

3
∈
(
0,

1

2

)
,

-h(x) = g(x− η) + g(x) + g(x+ η), x ∈ [η, 1− η], Kh(x)3[η, 1− η]ëY§

h(η) = g(0) + g(η) + g(2η) > 0, h(1− η) = g(1− 2η) + g(1− η) + g(1) < 0.

d":�3½n��3ξ ∈ (η, 1−η),¦�h(ξ) = 0,=g(ξ−η)+g(ξ)+g(ξ+η) = 0,�=[f(ξ − η)− (ξ − η)]+
[f(ξ)− ξ] + [f(ξ + η)− (ξ + η)] = 0, �

f(ξ − η) + f(ξ) + f(ξ + η) = (ξ − η) + ξ + (ξ + η) = 3ξ.
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� © �!(7©) �f(x)´(−∞,+∞)þ�ëY¼ê§�f(x)3(−∞,+∞)þk.. é?¿¢êh,

-ϕ(h) = sup
x∈R
|f(x + h) + f(x − h) − 2f(x)|. ®�lim

h→0
ϕ(h) = 0, ¯f(x)´Ä73(−∞,+∞)þ�

�ëYºy²\�(Ø.

) f(x)73(−∞,+∞)þ��ëY§y²Xe. �y. eØ,§K�3f(x)÷vK�^�§�f(x)3
(−∞,+∞)þØ��ëY. dØ��ëY�¿©7�^��§�3ε0 > 0Úê�{xn}, {yn}, ¦� lim

n→∞
(xn −

yn) = 0, �|f(xn)− f(yn)| > ε0, n = 1, 2, · · · . Ï�f(x)3(−∞,+∞)þk.§¤±�3M > 0, ¦�é?¿

¢êx,Ñk|f(x)| 6M . -m =

[
4M

ε0

]
+1,dlim

h→0
ϕ(h) = 0��3δ > 0,¦��0 < |h| < δ�§kϕ(h) <

ε0
m
.

Phn = xn − yn, n = 1, 2, · · · , d lim
n→∞

hn = 0�éþã�δ > 0, �3��êN , �n > N�§k|hn| < δ.

-n = N + 1, K

sup
x∈R
|f(x+ hn) + f(x− hn)− 2f(x)| < ε0

m
. (1)

du|f(xn) − f(yn)| > ε0, Ø��f(xn) − f(yn) > ε0 (f(yn) − f(xn) > ε0�/�y²´aq�), =f(yn +
hn)− f(yn) > ε0. d(1)ª�é?¿¢êx, Ñk

f(x+ hn)− f(x) > f(x)− f(x− hn)−
ε0
m
. (2)

df(yn + hn)− f(yn) > ε0Ñu§�E¦^(2)ª§Òk

f(yn + hn)− f(yn) > ε0,

f(yn + 2hn)− f(yn + hn) > f(yn + hn)− f(yn)−
ε0
m

>
m− 1

m
ε0,

f(yn + 3hn)− f(yn + 2hn) > f(yn + 2hn)− f(yn + hn)−
ε0
m

>
m− 2

m
ε0,

· · ·
f(yn +mhn)− f(yn + (m− 1)hn) > f(yn + (m− 1)hn)− f(yn + (m− 2)hn)−

ε0
m

>
1

m
ε0.

þ¡ùm�Ø�ª�\§�

f(yn +mhn)− f(yn) >
(
1 +

m− 1

m
+
m− 2

m
+ · · ·+ 1

m

)
ε0 =

m+ 1

2
ε0.

Ï�m =

[
4M

ε0

]
+ 1, ¤±mε0 > 4M . u´f(yn +mhn)− f(yn) >

m+ 1

2
ε0 > 2M , �|f(x)| 6Mgñ�
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