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� © �!(10©) � lim
x→x−0

f(x)Ú lim
x→x+0

f(x)Ñ�3§� lim
x→x−0

f(x) < lim
x→x+0

f(x). y²µ�3δ > 0, ¦�é

?¿x ∈ (x0 − δ, x0)Ú?¿y ∈ (x0, x0 + δ), Ñkf(x) < f(y).

y � lim
x→x−0

f(x) = a, lim
x→x+0

f(x) = b, Ka < b. �ε =
b− a
2

> 0, düý4��½Â�§éþã�ε > 0, �

3δ1 > 0Úδ2 > 0, ¦��x ∈ (x0 − δ1, x0)�§k|f(x) − a| < ε, �y ∈ (x0, x0 + δ2)�§k|f(y) − b| < ε.
-δ = min{δ1, δ2} > 0, Ké?¿x ∈ (x0 − δ, x0)Ú?¿y ∈ (x0, x0 + δ), k

f(x) < a+ ε =
a+ b

2
= b− ε < f(y).

� © �!(12©) �An, BnÚCn©O´ê�{an}, {bn}Ú{cn}�cn�Ú§®�an 6 bn 6 cn, n =
1, 2, · · · . y²µeê�{An}Ú{Cn}ÑÂñ§Kê�{Bn}�Âñ.

y Ï�ê�{An}Ú{Cn}ÑÂñ§¤±d�ÜÂñ�n�é?¿�½�ε > 0, �3��êN , ¦�
�n > N�§é?¿��êp, k|An+p − An| < εÚ|Cn+p − Cn| < ε. dan 6 bn 6 cn, n = 1, 2, · · ·�

an+1 + an+2 + · · ·+ an+p 6 bn+1 + bn+2 + · · ·+ bn+p 6 cn+1 + cn+2 + · · ·+ cn+p,

=An+p −An 6 Bn+p −Bn 6 Cn+p −Cn. Ïd§�n > N�§é?¿��êp, k|Bn+p −Bn| < ε. �â�Ü
Âñ�n�ê�{Bn}Âñ.
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(1) �a, b ∈ R, ab 6= 0, ¦4�lim
x→0

(cosx+ a sin bx)
1

1−(1+ax)b .

) kO�lim
x→0

1

1− (1 + ax)b
· ln(cosx + a sin bx). Ï��x → 0�§kln(1 + x) ∼ x, (1 + x)α − 1 ∼ αx(Ù

¥α 6= 0), 1− cosx ∼ x2

2
, sin x ∼ x, ¤±d�dÃ¡�þ����{�

lim
x→0

1

1− (1 + ax)b
· ln(cosx+ a sin bx) = lim

x→0

1

−b · ax
· (cosx+ a sin bx− 1)

= lim
x→0

1− cosx

abx
− lim

x→0

a sin bx

abx
= lim

x→0

x2

2

abx
− lim

x→0

a · bx
abx

= 0− 1 = −1.

Ïd§

lim
x→0

(cosx+ a sin bx)
1

1−(1+ax)b = e
lim
x→0

1

1−(1+ax)b
·ln(cosx+a sin bx)

=
1

e
.

(2) �xn =
n∑
k=1

1

2k − 1
, n = 1, 2, · · · , ¦4� lim

n→∞
(e2xn+1 − e2xn).

) PHn =
n∑
k=1

1

k
, KHn = lnn + γ + εn, n = 1, 2, · · · , Ù¥γ´î.~ê§{εn}´��Ã¡�þ. dxn +

1

2
Hn = H2n�

2xn = 2H2n −Hn = 2 ln(2n) + 2γ + 2ε2n − lnn− γ − εn = 2 ln 2 + lnn+ γ + 2ε2n − εn.

u´

lim
n→∞

(
e2xn+1 − e2xn

)
= lim

n→∞
e2xn

(
e

2
2n+1 − 1

)
= lim

n→∞
e2xn · 2

2n+ 1

= lim
n→∞

e2xn+ln 2−ln(2n+1) = lim
n→∞

e2 ln 2+ln 2n
2n+1

+γ+2ε2n−εn = e2 ln 2+γ = 4eγ.
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(1) ?¿�½��êm, -x
(m)
n =

n∑
k=1

1(
1 + k

m

)
· 2k

, n = 1, 2, · · · . y²µê�
{
x
(m)
n

}
Âñ¶

(2) Pym = lim
n→∞

x
(m)
n , m = 1, 2, · · · . y²µ lim

m→∞
ym = 1¶

(3) ¯µê�{m(ym − 1)}´ÄÂñºy²\�(Ø.

(1) y Ï�x
(m)
n =

n∑
k=1

1(
1 + k

m

)
· 2k

<
n+1∑
k=1

1(
1 + k

m

)
· 2k

= x
(m)
n+1, n = 1, 2, · · · , ¤±ê�

{
x
(m)
n

}
î�üN4O.

q

x(m)
n =

n∑
k=1

1(
1 + k

m

)
· 2k

<
n∑
k=1

1

2k
= 1− 1

2n
< 1,

�düNÂñ½n�ê�
{
x
(m)
n

}
Âñ

(2) y é?¿��ên, k∣∣∣∣∣
n∑
k=1

1(
1 + k

m

)
· 2k
−

n∑
k=1

1

2k

∣∣∣∣∣ =
n∑
k=1

k
m(

1 + k
m

)
· 2k

=
n∑
k=1

k

(m+ k) · 2k
<

n∑
k=1

k

m · 2k
=

1

m
·
(
2− 1

2n−1
− n

2n

)
<

2

m
.

-n → ∞�4�§�|ym − 1| 6 2

m
. Ïd§d1 − 2

m
6 ym 6 1 +

2

m
, m = 1, 2, · · · , �âü>Y½n

� lim
m→∞

ym = 1.

(3) ) ê�{m(ym − 1)}Âñ. y²Xe. é?¿��ên, k∣∣∣∣∣m
[

n∑
k=1

1(
1 + k

m

)
· 2k
−

n∑
k=1

1

2k

]
+

n∑
k=1

k

2k

∣∣∣∣∣ =
∣∣∣∣∣
n∑
k=1

−mk
(m+ k) · 2k

+
n∑
k=1

k

2k

∣∣∣∣∣
=

n∑
k=1

k2

(m+ k) · 2k
<

n∑
k=1

k2

m · 2k
=

1

m
·

n∑
k=1

k2

·2k
.

Ï�
n∑
k=1

k2

·2k
= 1 +

n−1∑
k=1

2k + 1

2k
− n2

2n
< 1 + 2

n−1∑
k=1

k

2k
+

n−1∑
k=1

1

2k−1
< 1 + 4 + 1 = 6,
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[
n∑
k=1

1(
1 + k

m

)
· 2k
−

n∑
k=1

1

2k

]
+

n∑
k=1

k

2k

∣∣∣∣∣ < 6

m
.

-n → ∞�4�§�|m(ym − 1) + 2| 6 6

m
. Ïd§d−2− 6

m
6 m(ym − 1) 6 −2 + 6

m
, m = 1, 2, · · · , �â

ü>Y½n� lim
m→∞

m(ym − 1) = −2.

� © Ê!(12©) �{xn}´��k.ê�§xn 6= 0, n = 1, 2, · · · . y²µ�3ê�{xn}���f

�{xnk
}, ¦�

{
xnk+1

xnk

}
Âñ.

y © lim
n→∞

xn = 0Ú lim
n→∞

xn 6= 0ü«�/?Ø.

(1) lim
n→∞

xn = 0��/.

ù�§dÃ¡�þ�½Â�é?¿�½�ε, �3��êN , �n > N�§k|xn| < ε. �eIn1, ¦
�|xn1| < 1. �n2 > n1, ¦�|xn2| < x2n1

. ��/§�xnk
®�½, �nk+1 > nk, ¦�

∣∣xnk+1

∣∣ < x2nk
. ��ù�

�e�§Ò��{xn}���f�{xnk
}. Ï�

0 <

∣∣∣∣xnk+1

xnk

∣∣∣∣ < |xnk
| 6 |xn1|2

k−1

, k = 1, 2, · · · ,

¤±dü>Y½n� lim
k→∞

xnk+1

xnk

= 0.

(2) lim
n→∞

xn 6= 0��/.

ù�§ lim
n→∞

xn, lim
n→∞

xn¥��k��Ø�u0. Ø�� lim
n→∞

xn = H 6= 0, Kê�{xn}kf�{xnk
}ÂñuH.

u´k lim
k→∞

xnk+1

xnk

=
H

H
= 1.
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� © 8!(10©) ®�~êβ ∈ (0, 1)§¯µ´Ä�38ÜS ⊆ (0, 1), ¦�S´Ã�8§supS = β, �é

?¿x, y ∈ S, x < y, Ñk
x

y
∈ S? e�3§¦Ñ÷v^��¤k�S; eØ�3§`²nd.

) �38ÜS÷v^�. -S =
{
βn
∣∣n = 1, 2, · · ·

}
, KS÷v^�. w,§S´Ã�8. dβ´S����

�supS = β. é?¿x, y ∈ S, x < y, �3��êk, m, k > m, ¦�x = βk, y = βm, u´
x

y
= βk−m ∈ S. e

¡y²ù´����÷v^��8Ü.
ky²eS÷v^�§Kβ ∈ S. �y. eØ,§KSvk���. u´é?¿�½�ε > 0, �3x ∈ S,
¦�x > β − ε. ?¿�½x1 ∈ S, �x2 ∈ S, ¦�x2 > β − min

{
β − x1, 12

}
. ��/§�xn ∈ S®�½§

�xn+1 ∈ S, ¦�xn+1 > β − min
{
β − xn, 1

n+1

}
. ��ù��e�§Ò��î�4O�ê�{xn} ⊆ S, ÷

v lim
n→∞

xn = β. dK��
xn
xn+1

∈ S, �
xn
xn+1

< β, n = 1, 2, · · · . u´k0 < x1 < βx2 < β2x3 < · · · <

βnxn+1 < βn, n = 1, 2, 3, · · · . dü>Y½n�x1 = 0, �x1 > 0gñ�
2y²eS÷v^�§Ké?¿x ∈ S, �3��ên, ¦�x = βn. �y. eØ,§K�3x ∈ SÚ��ên,
¦�βn+1 < x < βn. Ï�β ∈ S, ¤±dK��x

β
,
x

β2
, · · · , x

βn
ÑáuS. �´§

x

βn
> β, �β´S����g

ñ�
��y²eS÷v^�§KS =

{
βn
∣∣n = 1, 2, · · ·

}
. dc¡�y²�β ∈ S�S ⊆

{
βn
∣∣n = 1, 2, · · ·

}
. Ï

�S´Ã�8§¤±é?¿��ên, �3��êm > n, ¦�βm ∈ S. u´βm−1, βm−2, · · · , βnÑáuS.
dn�?¿5�S =

{
βn
∣∣n = 1, 2, · · ·

}
.
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� © Ô!(5©) �0 < α < β < 1. y²µ�3¢êx, ¦�é?¿��ên, Ñk{xn} ∈ [α, β], Ù

¥{xn} = xn − [xn]´xn��êÜ©.

y �½��êm1,¦�m1(β−α) > 2. -a1 = m1+α, b1 = m1+β,Ké?¿t ∈ [a1, b1],k{t} ∈ [α, β]. Ï
�b21−a21 > a1(b1−a1) > m1(β−α) > 2,¤±�3��êm2,¦�[m2+α,m2+β] ⊆ [a21, b

2
1]. -a2 =

√
m2 + α,

b2 =
√
m2 + β, K[a2, b2] ⊆ [a1, b1], �é?¿t ∈ [a2, b2], k{t2} ∈ [α, β]. Ï�b32 − a32 > a2(b

2
2 − a22) >

m1(β − α) > 2, ¤±�3��êm3, ¦�[m3 + α,m3 + β] ⊆ [a32, b
3
2]. -a3 = 3

√
m3 + α, b3 = 3

√
m3 + β,

K[a3, b3] ⊆ [a2, b2], �é?¿t ∈ [a3, b3], k{t3} ∈ [α, β]. ��/§�[an, bn]®�½§kb
n
n − ann = β − α. Ï

�bn+1
n −an+1

n > an(b
n
n−ann) > m1(β−α) > 2,¤±�3��êmn+1,¦�[mn+1+α,mn+1+β] ⊆ [an+1

n , bn+1
n ].

-an+1 = n+1
√
mn+1 + α, bn+1 =

n+1
√
mn+1 + β, K[an+1, bn+1] ⊆ [an, bn], �é?¿t ∈ [an+1, bn+1], k{tn+1} ∈

[α, β]. ��ù��e�§Ò��«m@
{
[an, bn]

∣∣n = 1, 2, · · ·
}
, ÷v

(i) [an+1, bn+1] ⊆ [an, bn], n = 1, 2, · · · ;
(ii) é?¿t ∈ [an, bn], k{tn} ∈ [α, β], n = 1, 2, · · · .
d(i)Ú«m@½n�y²�

∞⋂
n=1

[an, bn] 6= ∅, ��3x ∈ [an, bn], n = 1, 2, · · · . 2d(ii)�é?¿��ên, Ñ

k{xn} ∈ [α, β].
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