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(1) ¦È©

∫ 1

−1
(3x2 + 1) arctanx dx;

). Ï�(3x2 + 1) arctanx´Û¼ê§¤±

∫ 1

−1
(3x2 + 1) arctanx dx = 0. �

(2) �ä4� lim
x→+∞
y→2

(
x+ y

x

) x2

x+y

´Ä�3, XJ�3¿¦Ù�¶

). 4� lim
x→+∞
y→2

(
x+ y

x

) x2

x+y

�3. Ï�

(
x+ y

x

) x2

x+y

=

[(
1 +

y

x

)x
y

] xy
x+y

,

lim
x→+∞
y→2

(
1 +

y

x

)x
y

= lim
t→0+

(1 + t)
1
t

(
Ù¥t =

y

x

)
= e,

lim
x→+∞
y→2

xy

x+ y
= lim

x→+∞
y→2

y

1 + y
x

= 2,

¤± lim
x→+∞
y→2

(
x+ y

x

) x2

x+y

= e2. �
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(3) �z�d�§z = f(xz, z − y)(½�x, y�Û¼ê, ¦��©dz;

). �§ü>�©§�
dz = f ′1 · (zdx+ xdz) + f ′2 · (dz − dy),

)�

dz = − zf ′1
xf ′1 + f ′2 − 1

dx+
f ′2

xf ′1 + f ′2 − 1
dy.

�

(4) ¦¼êf(x, y) = 4 ln y +
(x− 1)2 + (y − 2)2

y2
�4�¶

). ¼êf(x, y)�½Â�´D =
{
(x, y)

∣∣y > 0
}
. d

{
∂f
∂x

= 0,
∂f
∂y

= 0
�

{
2(x−1)

y2
= 0,

4
y
− 2(x−1)2

y3
+ 4

y2
− 8

y3
= 0.

)�x = 1, y = 1½x = 1, y = −2. Ï�(1,−2) 6∈ D, ¤±¼êf(x, y)k���.:(1, 1). Ï�

Hf (1, 1) =

(
f ′′xx(1, 1) f ′′xy(1, 1)

f ′′yx(1, 1) f ′′yy(1, 1)

)
=

(
2 0

0 12

)

´�½Ý
§¤±d4��¿©^��(1, 1)´f(x, y)�4��:§¼êf(x, y)k4��f(1, 1) = 1. �

1 2 � � 6 �



êÆ�ÆÆ�Ë(�2015 — 2016Æc1�ÆÏ/êÆ©Û3-20Ï"�ÁÁò(Aò)

ú v «

(5) 3gCþÚÏCþ�C�e, òz = z(x, y)��§C��w = w(u, v)��§§Ù¥u = x, v =
1

y
−

1

x
, w =

1

z
− 1

x
, �§�

x2
∂z

∂x
+ y2

∂z

∂y
= z2;

). dx = uÚw =
1

z
− 1

x
�z =

u

wu+ 1
, �dóª{K�

∂z

∂x
=

∂z

∂u

∂u

∂x
+
∂z

∂v

∂v

∂x

=
1 · (wu+ 1)− u

(
u∂w

∂u
+ w

)
(wu+ 1)2

· 1 +
−u · u∂w

∂v

(wu+ 1)2
· 1
x2

=
1

(wu+ 1)2
− u2

(wu+ 1)2
∂w

∂u
− u2

x2(wu+ 1)2
∂w

∂v
,

∂z

∂y
=

∂z

∂u

∂u

∂y
+
∂z

∂v

∂v

∂y

=
−u · u∂w

∂v

(wu+ 1)2
·
(
− 1

y2

)
=

u2

y2(wu+ 1)2
∂w

∂v
.

Ïdx2
∂z

∂x
+ y2

∂z

∂y
= z2z�

x2

(wu+ 1)2
− x2u2

(wu+ 1)2
∂w

∂u
− u2

(wu+ 1)2
∂w

∂v
+

u2

(wu+ 1)2
∂w

∂v
=

u2

(wu+ 1)2
,

5¿�x = u, þªÒz{�
u4

(wu+ 1)2
∂w

∂u
= 0.

qÏ�u = x 6= 0, ¤±?�Úz{�
∂w

∂u
= 0. �
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(6) �f(x, y)3R2þëY��§é?Û¢êx, y, t, kf(tx, ty) = t2f(x, y), ®�:P0(1,−2, 2)3¡S : z =

f(x, y)þ§�
∂f

∂x
(1,−2) = 6, ¦

∂f

∂y
(1,−2)��§¿�Ñ¡S3:P0?��²¡�§.

). Ï�f(tx, ty) = t2f(x, y), ¤±dàg¼ê�î.½n�

x
∂f

∂x
(x, y) + y

∂f

∂y
(x, y) = 2f(x, y).

d:P0(1,−2, 2)3¡S : z = f(x, y)þ�f(1,−2) = 2, q
∂f

∂x
(1,−2) = 6, �1 · 6 − 2

∂f

∂y
(1,−2) = 2 · 2, )

�
∂f

∂y
(1,−2) = 1. Ï�¡S3:P0?�{�þ�(

∂f

∂x
(1,−2), ∂f

∂y
(1,−2),−1

)
= (6, 1,−1),

¤±¡S3:P0?��²¡�§�

6(x− 1) + (y + 2)− (z − 2) = 0, =6x+ y − z − 2 = 0. �

� ©
�!(10©)�¼êf(x)3[a, b]þ��§é?¿x ∈ [a, b],k0 < f(x) 6 f ′(x),¦yµ

∫ b

a

1

f(x)
dx 6

1

f(a)
− 1

f(b)
.

y. -ϕ(t) =

∫ t

a

1

f(x)
dx− 1

f(a)
+

1

f(t)
, t ∈ [a, b], Kϕ(a) = 0,

ϕ′(t) =
1

f(t)
− f ′(t)

f 2(t)
=
f(t)− f ′(t)

f 2(t)
.

Ï�é?¿x ∈ [a, b], k0 < f(x) 6 f ′(x), ¤±ϕ′(t) 6 0. u´ϕ(t)3[a, b]þüN4~§�ϕ(b) 6 ϕ(a) = 0,

=

∫ b

a

1

f(x)
dx− 1

f(a)
+

1

f(b)
6 0, �=

∫ b

a

1

f(x)
dx 6

1

f(a)
− 1

f(b)
.

�
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� © n!(10©) �D = (−∞,+∞) × [0, 1], ¼êf(x, y)3Dþ��ëY§é?¿¢êx, -g(x) =∫ 1

0

f(x, y)dy, ¦yµg(x)3(−∞,+∞)þ��ëY.

y. Ï�¼êf(x, y)3Dþ��ëY§¤±é?¿ε > 0, �3δ > 0, é?Û(x1, y1), (x2, y2) ∈ D, �
�
√

(x1 − x2)2 + (y1 − y2)2 < δ, Òk|f(x1, y1)− f(x2, y2)| < ε. u´é?Û¢êx1, x2, �|x1 − x2| < δ�§
é?Ûy ∈ [0, 1], Ñk|f(x1, y)− f(x2, y)| < ε. Ïd§�|x1 − x2| < δ�§k

|g(x1)− g(x2)| =
∣∣∣∣∫ 1

0

f(x1, y)dy −
∫ 1

0

f(x2, y)dy

∣∣∣∣ = ∣∣∣∣∫ 1

0

[f(x1, y)− f(x2, y)]dy
∣∣∣∣

6
∫ 1

0

|f(x1, y)− f(x2, y)|dy <
∫ 1

0

εdy = ε.

U½Â�g(x)3(−∞,+∞)þ��ëY. �

� © o!(8©) �F : Rn → Rn´ëYN�§�3~êL > 0§¦�é?ÛX, Y ∈ Rn, k|F (X) −
F (Y )| > L|X − Y |, ¦yµéRn¥�?¿;8K, Ù����F−1(K)�´Rn¥�;8.

y. �Iy²F−1(K)´Rn¥��;8. ?�:�{Xm} ⊆ F−1(K), -Ym = F (Xm), KYm ∈ K. Ï
�K´Rn¥�;8§¤±K´Rn¥��;8. u´{Ym}kÂñuK¥:Y0�f�{Ymk

}. Ï�{Ymk
}Â

ñ§¤±{Ymk
}´�Ü�§lé?¿ε > 0, �3��êK, �k > K, l > K�§k|Ymk

− Yml
| < ε,

=|F (Xmk
)− F (Xml

)| < ε. Ï�é?ÛX, Y ∈ Rn, k|F (X)−F (Y )| > L|X − Y |, ¤±�k > K, l > K�§
k

|Xmk
−Xml

| 6 1

L
|F (Xmk

)− F (Xml
)| < ε

L
.

�{Xmk
}´�Ü�§d�ÜÂñ�n�{Xmk

}Âñ. � lim
k→∞

Xmk
= X0, KdF�ëY5� lim

k→∞
F (Xmk

) =

F (X0), = lim
k→∞

Ymk
= F (X0). ÏdF (X0) = Y0, 2dY0 ∈ K�X0 ∈ F−1(K). u´{Xm}kÂñuF−1(K)¥

:X0�f�{Xmk
}, U½Â�F−1(K)´Rn¥��;8. �
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� © Ê!(6©) �D = [0, 1] × [0, 1], ¼êf(x, y)3Dþ��§f(0, 0) + f(0, 1) + f(1, 0) + f(1, 1) = 0,

é?Û(x, y) ∈ D, k

∣∣∣∣∂f∂x (x, y)
∣∣∣∣+ ∣∣∣∣∂f∂y (x, y)

∣∣∣∣ 6 1, ¦yµé?Û(x, y) ∈ D, k|f(x, y)| 6 3

4
.

y. Äky²/é?Û(x1, y1), (x2, y2) ∈ D,k|f(x1, y1)−f(x2, y2)| 6 max{|x1−x2|, |y1−y2|}0. e(x1, y1) =
(x2, y2), Kw,�ª¤á§�e�(x1, y1) 6= (x2, y2). dõ�¼ê��©¥�½n�3(x1, y1), (x2, y2)�à
:��ãþ�3�:(ξ, η), ¦�

f(x1, y1)− f(x2, y2) =
∂f

∂x
(ξ, η)(x1 − x2) +

∂f

∂y
(ξ, η)(y1 − y2).

PM = max{|x1 − x2|, |y1 − y2|}, Kdþª±9^�
∣∣∣∣∂f∂x (x, y)

∣∣∣∣+ ∣∣∣∣∂f∂y (x, y)
∣∣∣∣ 6 1�

|f(x1, y1)− f(x2, y2)| 6
∣∣∣∣∂f∂x (ξ, η)

∣∣∣∣ · |x1 − x2|+ ∣∣∣∣∂f∂y (ξ, η)
∣∣∣∣ · |y1 − y2| 6M

∣∣∣∣∂f∂x (ξ, η)
∣∣∣∣+M

∣∣∣∣∂f∂y (ξ, η)
∣∣∣∣ 6M.

ùÒy²
/é?Û(x1, y1), (x2, y2) ∈ D, k|f(x1, y1)− f(x2, y2)| 6 max{|x1 − x2|, |y1 − y2|}0.

é?Û(x, y) ∈ D, dþ¡�·K±9^�f(0, 0) + f(0, 1) + f(1, 0) + f(1, 1) = 0�

4|f(x, y)| = |4f(x, y)− f(0, 0)− f(0, 1)− f(1, 0)− f(1, 1)|
6 |f(x, y)− f(0, 0)|+ |f(x, y)− f(0, 1)|+ |f(x, y)− f(1, 0)|+ |f(x, y)− f(1, 1)|
6 max{x, y}+max{x, 1− y}+max{1− x, y}+max{1− x, 1− y}.

dé¡5§Ø��0 6 x 6 y 6
1

2
, Kdþª�

4|f(x, y)| 6 y + (1− y) + (1− x) + (1− x) = 3− 2x 6 3.

Ïd§é?Û(x, y) ∈ D, k|f(x, y)| 6 3

4
. �
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