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(1) lim
x→x0

f(x) 6=∞;

�. �3M0 > 0, é?¿δ > 0, �3xδ, ¦�0 < |xδ − x0| < δ�|f(xδ)| 6M0.

(2) lim
x→x−0

f(x)�3��ÜÂñ�n;

�. lim
x→x−0

f(x)�3�¿©7�^��µé?Ûε > 0, Ñ�3δ > 0, ¦�x, x′ ∈ (x0 − δ, x0)�§k|f(x) −

f(x′)| < ε.

(3) f(x)3:x0?mëY.
�. é?Ûε > 0, Ñ�3δ > 0, �x0 6 x < x0 + δ�, k|f(x)− f(x0)| < ε.

� ©
�!(10©) �ã¿y²EÜ¼ê�ëY5½n.

�. EÜ¼ê�ëY5½nµ�¼êy = g(x)3:x0ëY, y0 = g(x0), ¼êf(y)3:y0ëY, KEÜ¼
êf(g(x))3:x0ëY.

y². éu?��ε > 0, Ï�¼êf(y)3:y0ëY, �kη > 0, �|y − y0| < η�, Òk

|f(y)− f(y0)| < ε.

éuþã�η > 0, Ïy = g(x)3:x0ëY, �kδ > 0, �|x− x0| < δ�, Òk

|y − y0| = |g(x)− g(x0)| < η.

dd�|x− x0| < δ�, Òk
|f(g(x))− f(g(x0))| = |f(y)− f(y0)| < ε.

d½Â�EÜ¼êf(g(x))3:x0ëY.
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n!(20©) ¦e��4�.

(1) ¦ lim
n→∞

n
√
1n + 2n + · · ·+ nn

n
;

). Ï�

1 =
n
√
nn

n
6

n
√
1n + 2n + · · ·+ nn

n
6

n
√
n · nn
n

= n
√
n

� lim
n→∞

n
√
n = 1, ¤±�âü>Y½n� lim

n→∞

n
√
1n + 2n + · · ·+ nn

n
= 1.

(2) ¦lim
x→0

cos
(
π
2
cosx

)
sin2(sinx)

.

). Ï��x→ 0�§ksinx ∼ xÚ1− cosx ∼ x2

2
§¤±|^�dÃ¡�þ�O�§k

lim
x→0

cos
(
π
2
cosx

)
sin2(sinx)

= lim
x→0

sin
(
π
2
− π

2
cosx

)
sin2(sinx)

= lim
x→0

π
2
− π

2
cosx

sin2 x

= lim
x→0

π
2
· x2

2

x2

=
π

4
.
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o!(10©) ¦¼êf(x) = [x2] sin(πx)�mä:¿�Ñmä:�a.§Ù¥[·]´��¼ê.

). Ï�sin(πx)3(−∞,+∞)þëY§[x2]3R \ {±
√
n|n ∈ N}þëY§¤±f(x)3R \ {±

√
n|n ∈ N}þë

Y. �n´��²�ê�§±
√
n´�ê. é?Û�êk, df(k) = 0 = lim

x→k
[x2] sin(πx) = lim

x→k
f(x)��f(x)3

:k?ëY;�nØ´��²�ê�§^α5P
√
n,KαØ´�ê§u´sin(πα) 6= 0. q lim

x→α+
f(x) = n sin(πα),

lim
x→α−

f(x) = (n − 1) sin(πα), ¤±:α´f(x)�1�amä:, Ón−
√
n�´f(x)�1�amä:. nþ¤

ã§f(x)�mä:8´{±
√
n|n ∈ N�nØ´��²�ê}§ù�8Ü�z���Ñ´f(x)�1�amä:.

� ©
Ê!(10©) �f(x)´(−∞,+∞)þ�ó¼ê§é?¿¢êa, Ñk lim

x→+∞
[f(a + x)− 2f(a) + f(a−

x)] = 0, y²¼êf(x)´(−∞,+∞)þ�~ê¼ê.

y. Ï�f(x)´(−∞,+∞)þ�ó¼ê§¤±f(−x) = f(x). �a = 0,d lim
x→+∞

[f(a+x)−2f(a)+f(a−x)] =
0� lim

x→+∞
[2f(x)− 2f(0)] = 0, � lim

x→+∞
f(x) = f(0). u´é?¿¢êa, k

lim
x→+∞

f(a+ x) = lim
y→+∞

f(y) = f(0), Ù¥y = a+ x,

lim
x→+∞

f(a− x) = lim
x→+∞

f(x− a) = lim
z→+∞

f(z) = f(0), Ù¥z = x− a.

d lim
x→+∞

[f(a + x) − 2f(a) + f(a − x)] = 0�f(0) − 2f(a) + f(0) = 0, �f(a) = f(0). da�?¿5�¼

êf(x)´(−∞,+∞)þ�~ê¼ê.
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8!�x1 = 0, y1 = 1, xn+1 =
xn + yn

2
, yn+1 =

xn + 2yn
3

, n = 1, 2, · · ·.

(1) (10©) y² lim
n→∞

(yn − xn) = 0;

(2) (14©) y²{xn}Âñ¿¦ lim
n→∞

xn.

(1) y. Ï�

yn+1 − xn+1 =
xn + 2yn

3
− xn + yn

2
=

1

6
(yn − xn), n = 1, 2, · · · ,

¤±

yn − xn =

(
1

6

)n−1
(y1 − x1) =

(
1

6

)n−1
.

u´

lim
n→∞

(yn − xn) = lim
n→∞

(
1

6

)n−1
= 0.

(2) y. Ï�

xn+1 − xn =
xn + yn

2
− xn =

yn − xn
2

=
1

2
·
(
1

6

)n−1
, n = 1, 2, · · · ,

¤±

xn =
n−1∑
k=1

(xk+1 − xk) + x1 =
n−1∑
k=1

1

2
·
(
1

6

)k−1
=

1−
(
1
6

)n
2
(
1− 1

6

) .
u´

lim
n→∞

xn = lim
n→∞

1−
(
1
6

)n
2
(
1− 1

6

) =
1

2
(
1− 1

6

) =
3

5
.
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Ô!(8©) �¼êf(x)3(−∞,+∞)þëY§f(0) = 0, f(1) = 1, �é?¿¢êxÚy, x− y´kn
ê��=�f(x)− f(y)´knê, y²f(x) = x, x ∈ R.

y. -g(x) = f(x + 1) − f(x), Kg(x)3(−∞,+∞)þëY§g(0) = 1, �g(x)ð�knê. �âëY¼ê
�0�½n§g(x)�U´~ê¼ê§�g(x) ≡ 1. u´é?¿�ên, kf(n) = n. Ón�y§é?¿��

êm > 1, f
(
x+ 1

m

)
− f(x)ð�~ê. 2d

m−1∑
k=1

[
f
(
k+1
m

)
− f

(
k
m

)]
= f(1)− f(0) = 1�f

(
x+ 1

m

)
− f(x) ≡ 1

m
.

u´é?¿��êmÚ?¿�ên, kf
(
n
m

)
= n

m
, =f(x) = x, x ∈ Q. é?¿x ∈ R \Q, ���Âñux�k

nê�{rn}, df(x)�ëY5�§f(x) = lim
n→∞

f(rn) = lim
n→∞

rn = x. Ïd§f(x) = x, x ∈ R.

� ©
l!(6©) �¼êf(x)3(−∞,+∞)þk½Â§ lim

x→−∞
f(f(x)) = +∞, lim

x→+∞
f(f(x)) = −∞, y

²µf(x)Ø´(−∞,+∞)þ�ëY¼ê.

y. �y. eØ,§Kf(x)3(−∞,+∞)þëY.qÏ� lim
x→∞

f(f(x)) =∞,¤±�â3.4!�~3� lim
x→∞

f(x) =

∞. éM = 1, �3X > 0, �x > X�§k|f(x)| > M = 1. Ïd�â0�½n§�x > X�§f(x)ð�
u1½ð�u−1. u´ lim

x→+∞
f(x) = +∞½−∞. Ón�y§ lim

x→−∞
f(x) = +∞½−∞. e¡©�/?Ø.

(i) lim
x→+∞

f(x) = +∞��/. ù� lim
x→+∞

f(f(x)) = +∞, � lim
x→+∞

f(f(x)) = −∞gñ.

(ii) lim
x→−∞

f(x) = −∞��/. ù� lim
x→−∞

f(f(x)) = −∞, � lim
x→−∞

f(f(x)) = +∞gñ.

(iii) lim
x→+∞

f(x) = −∞� lim
x→−∞

f(x) = +∞��/. ù� lim
x→+∞

f(f(x)) = +∞, � lim
x→+∞

f(f(x)) = −∞gñ.

nþ¤ã§ÃØXÛokgñ§�b�Ø¤á. Ïdf(x)Ø´(−∞,+∞)þ�ëY¼ê.
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